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A Structural Property of Optimal Policies for
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Abstract—In this paper, we focus on the opportunistic maintenance of an
asset which is composed of multiple nonidentical life-limited components
with both economic and structural dependence. Besides the random
asset failure, each component also has independent failure with constant
rate. Both finite and infinite horizons are considered. We first prove the
optimality of the Generalized Strict Shortest-Remaining-Lifetime-First
(GSSRLF) rule to efficiently reduce the size of the action space from
�� � to � �, where is the number of components, is the

number of modules, and is the number of components in module .
Then, we show that the GSSRLF rule is more general than the existing
SRLF rule, and has close relationship with several other rules and proper-
ties known in literature. Finally, we discuss the limitations of the GSSRLF
rule and use numerical results to show that even when the rule is not
optimal, it helps to identify good policies.

Note to Practitioners—Motivated by a practical problem, we study a
structural property of optimal policies for opportunistic maintenance of an
asset with multiple nonidentical life-limited components. Both economic
and structural dependence among the components are considered. During
the optimization of joint replacement policies, the action space grows
exponentially with respect to the number of components. We identify
the GSSRLF rule, which reduces the size of the action space and makes
the action selection efficient. We prove that the GSSRLF rule preserves
the optimal actions when each component has independent failure with
constant rate. The rule has close relationship with several other rules and
properties known in literature. Numerical results show that even when
the rule is not optimal, it helps to identify good policies. Practitioners can
combine the GSSRLF rule with neurodynamic programming to address
both large action space and large state space. However, the choice of basis
functions is usually problem dependent and experience-based.

Index Terms—Action space reduction, joint replacement, Markov deci-
sion processes, multicomponent maintenance.

I. INTRODUCTION

Maintenance problems have attracted various research interests in
the past several decades, due to the large economic impact to com-
panies and environmental impact to society. In this paper, we focus
on the maintenance of an asset (e.g., a jet engine or an electric gener-
ator) which is composed of multiple nonidentical life-limited compo-
nents. Each component has independent failure with nonnegative con-
stant rate. When a component expires (i.e., the age exceeds a limit) or
fails, it is mandatory to stop the asset and replace the component by a
new one. Besides that, the asset as a whole also needs maintenance with
certain probability even if there is no component expiration nor failure.
For example, a bird may hit the jet engine and then we have to stop
and decompose the engine to clean the mess. During the maintenance,
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the asset is shipped to a workshop. The unfortunate corrective main-
tenance of a component creates an opportunity for the maintenance
of other components. This is known as opportunistic maintenance and
is the focus of this paper. A maintenance policy is used to determine
which components to be decomposed and replaced by new ones. After
the replacement, the components are assembled into modules and asset
again, and shipped back to work. The maintenance is assumed to be
instantaneous.

There are three types of costs, namely the shop visit cost, the decom-
position cost, and the component cost. By exploring the economic and
structural dependence among the components, we want to find the joint
replacement policies that minimize the total maintenance cost during a
fixed contract duration, or the average maintenance cost over an infinite
horizon. However, finding the optimal policy is in general difficult due
to the large state space, the large action space, the simulation-based per-
formance evaluation, and the irregular structure of the optimal policy
[1].

In this paper, we first identify the Generalized Strict Shortest-Re-
maining-Lifetime-First (GSSRLF) rule, which reduces the size of the
action space from ����� to �� �

���
���, where � is the number of

components, � is the number of modules, and �� is the number of
components in module �. We prove that the GSSRLF rule preserves the
optimal actions in the reduced action space when the component failure
is independent and has constant rate. Then we show that the GSSRLF
rule is more general than the SRLF rule in [2] and has close relationship
with the Worse Cluster Replacement Rule (WCRR) and the No-Split-
ting Rule (NCR) in [3] and [4]. The optimal policies of our problem
also have the component-monotone and system-monotone properties,
which are identified in [1] in a different problem. Finally, we discuss
the limitations of the GSSRLF rule and use numerical results to show
that even when the rule is not optimal, it helps to identify good policies.
Due to the space limit, we present the results briefly in the following.
A detailed version of this paper, including the proofs of all theorems,
is available in [5].

II. PROBLEM FORMULATION

The models used in [2], [6], and [7] are special cases of our model,
because we consider component failure, which allows our model to de-
scribe both safety-critical and nonsafety-critical components, and mul-
tiple modules. Since we consider life-limited components in this paper,
the remaining lifetime, instead of the age, is used to describe the state
of a component. Note that components are usually installed in modules.
So, multiple setups might be needed in order to replace a component.
The tree-like hierarchy of setup costs are considered by Gertsbakh in
[8] and most recently by Van Dijkhuizen in [9]. Our model also allows
multiple setups. We follow the notations in [2] and only introduce some
additional notations in the following.

Consider an asset with � modules, each of which contains �� com-
ponents. Let �� be the set of component indexes in module �, �� �
��� �� � � ����� �� � ��� � �� � � ��� � ����� � ��� � � ���

���
�� �

�� � � ���. Let ����� �� be the random failure probability of component
� when the remaining lifetime of component � is �. When all the com-
ponent failure probabilities are (nonidentical) constants we denote the
random failure probability vector as �� � ������� � � � ������� . If com-
ponent � is safety-critical, we can let ����� � �, or a constant very
close to zero. Otherwise, we can let ����� 	 �. Let �� be the random
failure probability of the asset. Let �� � �
����� � � � 
������ be the
decomposition and assembly cost vector of modules. This models the
structural dependence among the components. To simulate this mainte-
nance problem, at each time unit �we generate a random number vector
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�� � ���� � �
�
� �, where ��� is uniformly distributed in ��� ��� and ��� is uni-

formly distributed in [0,1]. If ��� ��� � �����, it means that component
� encounters a random failure at time unit �, and the remaining lifetime
reduces to zero. If ��� � ��, it means that the asset encounters a random
failure at time unit �. Otherwise, there is no component failure and no
asset failure at this time unit. Therefore, the total simulation process
depends on the sequence of random numbers � � ���� ��� ��� � � � �� �.

Following the above notations, we can see that when the current
system state is known, the future system state is conditionally indepen-
dent of the history. This is known as the Markovian property. The one-
step transition probability is shown in the equation at the bottom of the
page, where ������� � � (or 1) if	
�������������������� � � (or�0);
� � ��� �� � � � ������; � � ��� ���; 	 � 
 � �	�
�� 	�
�� � � � 	�
��;
and ����� � �� � � � �����

� � ��� � ������ ����.
We consider the Markov Decision Process (MDP) with either a fi-

nite-horizon criterion, i.e.,

�
� � ��	
�

�
� �

�����

	��� 
 (1)

or an average criterion over an infinite horizon, i.e.,

�
� � ��	
�

�
�
	
���

�

� � �
�

�

���

�
�
� �

� (2)

where ��
� is the one-step transition probability matrix under policy

� at time �; �� is the cost vector of policy �. Note that the Cesaro
limit [10] is used in (2) since the Markov chain under some � might be
periodic. The optimization objective is to choose the optimal policy ��

which minimizes the total maintenance costs in the contract period as
in (1) (or the average maintenance cost as in (2)). The value function
��� ���� ��� is as follows:

�
�
� ���� ��� � � ����� ���� �

�
� ���� ���� � ��� �

��� �
�
���

�
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�
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�
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�

���

��� �
� ��� �������

		�


� ��� ��� �������
��		�


�
�
��� �

�
��� � �� � � (3)

where ����� � �� � � � ������ � ��� � ��� ���� ����.

III. MAIN RESULTS

During each shop visit, the maintenance policy determines which
components to replace. Since there are � components, the total number
of possible actions is ��. There are usually tens or even hundreds of
components in a practical asset, which makes it practically infeasible
to calculate and compare all the available actions before making the
decision. In this section, we will prove the optimality of the GSSRLF
rule when there are independent component failure with constant (but
not necessarily identical) rate and multiple modules. The SRLF rule
in [2] is directly implied by the GSSRLF rule. We then discuss some
implications of the GSSRLF rule and the relationship with other rules
and properties known in literature.

We present the definition of the GSSRLF rule as follows.
Definition 1 (GSSRLF Rule): In a shop visit, if a component is re-

placed, all the components in the same module and with shorter or equal
remaining lifetimes should also be replaced.

The optimality of the GSSRLF rule means that if a policy does not
satisfy the GSSRLF rule, we can always find a policy that satisfies the
GSSRLF rule and is no worse than that policy. Note that the GSSRLF
rule is not a sufficient condition for optimal policy. In other words, there
are many policies satisfying the GSSRLF rule. However, most such
policies are not optimal. Also, note that whether the GSSRLF rule is a
necessary condition for optimal policies it remains open, even though,
the GSSRLF rule is very useful. In the cases when we can prove the op-
timality of the GSSRLF rule, we only need to search among the policies
that satisfy the GSSRLF rule, and we can always find the global optimal
policy among these policies. By using the GSSRLF rule, we reduce the
size of the action space from ����� to �� 


��� ��� (Lemma 3), which
is a dramatic reduction especially when there are a large number of
components in the asset and a small number of modules.

A. Optimality of the GSSRLF Rule

We need the following two assumptions to prove the optimality of
the GSSRLF rule.

Assumption 1: Component failure is independent.
Assumption 2 (Constant Component Failure Probability):

����� �� � ����� � �, �� � �� � � � ������ �, for all �.
We show the monotonicity of the value function, i.e.,
Lemma 1: Under Assumption 1, the following hold for

� � �� �� � � �� .
1) ��� ��

	
�� �� 	 ��� ���� ��, if �	� � ��;

2) ��� ��
	
�� �� 	 ��� ���� ��, if �	� � �� � �;

3) ��� ���� �� 	 ��� ��
	
�� �� � �

�
�� � 


��� �����	���� �����,
where for any �� 
 �

�
	
���� �

������ if ����� � �

������ �� if ����� � �;
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4) ��� ���� �� � ��� ��
�
�� ����

�
���

�

���
����������� ��������,

where for any �� � � and �� � �, ��� is defined as above.
5) ��� ���� �� � ��� ���� ��, for all �� � �;
6) ��� ���� �� � ��� ���� �� � ��, for all �� � �.
Note that the first two equations show the monotonicity of the value

function. The second two equations show the relationship between
��� ���� �� for all �� and ��� ���� �� for all �� � �, respectively. The last
two equations show the relationship between ��� ���� �� and ��� ���� ��.

We also show the following Lemma.
Lemma 2: If there are shop visits in stage � � �	��	
�
 �� � 


�

� �� in
both ���� �� ��� and ���� �� ��� and ��� �� �

�

� , then in the two sample
paths constructed accordingly ���� �

��� ��� and ���� �
��� ���, we have

�
����
� �� �

����
� .

Following Lemmas 1 and 2, we have the following.
Theorem 1 (Optimality of the GSSRLF Rule): Under Assumptions 1

and 2, there exists at least one optimal policy that satisfies the GSSRLF
rule.

Note that Lemma 1 only needs Assumption 1 but Theorem 1 needs
Assumptions 1 and 2. This means that the monotonicity of the value
function holds as long as the component failures are independent.
However, for the GSSRLF rule to be optimal, we need to further as-
sume that the component failure rates are constant (and not necessarily
identical).

B. Implications of the GSSRLF Rule

One important implication of the optimality of the GSSRLF rule is
that we can preserve the optimal action after removing the actions that
do not satisfy the rule. We show the following Lemma.

Lemma 3: Under Assumptions 1 and 2, we can use the GSSRLF
rule to reduce the size of the action space from ���� to � �

���
���.

We compare the GSSRLF rule with some existing rules (WCRR
and NCR) and existing properties (component-monotone and system-
monotone) in the following.

Jones et al. [3] and Childress and Durango-Cohen [4] prove WCRR
and NCR for parallel machine replacement problem where all machines
are identical. Our GSSRLF rule is proven for an asset maintenance
problem with nonidentical components. WCRR and NCR compare the
ages of the machines, but GSSRLF compares the remaining lifetimes
of the components. Since components have nonidentical lifetimes, an
older component does not necessarily have shorter remaining lifetime.
Thus, the GSSRLF rule is different from WCRR and NCR. For compo-
nents with different remaining lifetimes, the GSSRLF rule shares the
same spirit with WCRR. For components with equal remaining life-
times, the GSSRLF rule shares the same spirit with NCR. If all the
components are identical and are in the same module, the GSSRLF
rule implies both WCRR and NCR.

We show that the optimal policies of our problem are component-
monotonic (Theorem 2) and system-monotonic (Theorem 3).

Theorem 2 (Component-Monotone): Let �� be the optimal policy
and denote ��� � ��� ���� ��. Then for any state ��� satisfying ������ �

�����, if ��� ��� � �; ������ � �����, if ��� ��� � �, we have ��� �

��� ��
�
�� ��.

Theorem 3 (System-Monotone): If the optimal policy replaces all
the components at state ���� �� in stage �, i.e., ��� ���� �� � �, we have
��� ��

�
�� �� � � for all ��� � ��.

We also have the following Theorem.
Theorem 4: If ����� � ������ and ����� � ������ for all � �� �, then

��� ��� � ���� ���.

We show in the Appendix that the proof for the optimality of the
SRLF rule in [2] is wrong. Note that [2, Th. 2 ] is implied by our The-
orem 1. So, we have proven (modified versions of) Theorems 1–4 in
[2], but in a more general case where component failure is allowed.
Also note that the SRLF rule in [2] does not specify what actions to
take if the remaining lifetimes of several components are equal. But
the GSSRLF rule clearly specifies in this case that these components
should either all be replaced or all be kept.

Please note that all the above discussions are for the total cost crite-
rion. When we use the average cost criterion, it is obvious that this does
not change any of the proofs. So the above results, especially Theorems
1–4, also hold for the average cost criterion.

In [5, Sec. V], we use numerical examples to discuss the limitations
of the GSSRLF rule. We show that when the component failures are
independent but the failure rates depend on the remaining lifetimes of
the components, the GSSRLF rule may be optimal (Example 1) and
may be not (Example 2); when the component failures are correlated,
the GSSRLF rule may not be optimal but may still provide good poli-
cies (Example 3).

IV. CONCLUSION

In this paper, we study a structural property of multicomponent
maintenance problems. We identify the GSSRLF rule that reduces the
size of the action space at each shop visit from ���� to � �

���
���.

The first contribution of this paper is that we prove the optimality of
the GSSRLF rule when the components have independent failures with
constant (and not necessarily identical) rates. Note that the problem
considered in [2] is a special case of our problem, where there is no
component failure and only a single module, and the proof for the
optimality of the SRLF rule in [2] is wrong. So, our proof for the
optimality of the GSSRLF rule also provides a proof for the optimality
of the SRLF rule. The second contribution of this paper is that we
clarify the relationship between the GSSRLF rule and some other rules
(e.g., WCRR and NCR) and properties (e.g., component-monotone
and system-monotone) known in literature. The third contribution of
this paper is that we clarify the limitations of the GSSRLF rule. We
show that the GSSRLF rule may not be optimal when the component
failures are independent but the failure rates are not constant, or when
the component failures are correlated. The GSSRLF rule may be used
to identify good actions even when the optimality of this rule cannot
be proven. How to follow this idea to reduce the action space in more
general cases, and how to quantify the global goodness of the resulting
policy, are the future work of this study. Note that we assume to know
the new lifetimes and the failure probabilities of the components in this
paper, which can usually be reasonably estimated based on historical
data. However, how the estimation errors affect the performance of the
resulting policy remains open.

APPENDIX

We use a counter example to show that the action sequences con-
structed in the proof of Lemma 1 in [2] may not be generated by a
deterministic Markovian policy, meaning a policy that ������ only de-
pends on the stage � and the state ��. Then, the original proof of [2,
Th. 1] did not construct a policy that satisfies the SRLF rule, but con-
structed a set of action sequences, which may not be generated by any
deterministic Markovian policy. So, the original proof of Theorem 1 in
[2] is wrong. We reproduce Lemma 1 in [2] as follows.
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Lemma 4: If ��� � �� (component-wisely), then for any policy �,
there exists a policy �� such that �

��� ��

���� �
� �

�����

���� �
and ��

�
� �

�

for all �.
In the original proof in [2], the idea is for �� to copy whatever � has

done during period ��� � �
�� at � �

�, i.e.,

�
�
� ��� � ��	

�����
����� (4)

for all �. The original proof assumes that the decision constructed in
this way under different �’s can be generated by a policy. We provide
the following counter example.

For two given �
�
� � ��, let �� � �
�� ����� and � �

� � �
�� �
�
����.

Suppose ������ 	 ������, ����� 	 �����, ������ 	 �����, �� �� �. Thus
� �
� 
 ��. Consider two different randomness vectors � and ��. In �,

there is no asset failure during ��� � �
��, i.e., �� � � for � � ��   � �

�. In
�� , it is the same as � except that ��� � �. Consider a policy � that only
replaces the expired components at �� and replaces all the components
at � �

�. In trajectory ��� �� ��� the first shop visit happens at ��. This
is also the only shop visit during ��� � �

��. Only component 1 expires at
�� in ��� �� ���. Then � only replaces component 1 at ��, and replaces
nothing at � �

� (since there is no shop visit at � �
� in ��� �� ���).

Following (4), we then construct the action for the first shop visit in
trajectory ��� ��� ����

:

�
�
� ��� �

�� � � �

�� � �� �
� (5)

In trajectory ���� �� ���, the first shop visit happens at �� and � only
replaces component 1. The second shop visit happens at � �

� (due to
asset failure in ��) and � replaces all the components.

Following (4), we then construct the action for the first shop visit in
trajectory ���� ��� ����:

�
�
� ��� � �� ��� ��� �� (6)

Comparing (5) with (6), we can see that ��
� �� �

�
� . So, no determin-

istic Markovian policy �� can generate these two different actions at
the same state.

Let us define two policies

�
�
� �

�
� � �

�
��� � ��

�
� (7)

�
�
� �

�
� � �

�
��� � ��

�
� � (8)

Then in sample path �� , ��
�

	 �
�

, and in sample path �, �
��� ��

���� �



�
�����

���� �
. Both violate the claim in Lemma 4.

We have shown that the action sequences constructed under different
sample paths in the original proof of [2, Lemma 1] may not be gener-
ated by a deterministic Markovian policy. This breaks down the orig-
inal proof of Propositions 1 and 2, and Theorems 1–4 in [2]. We show
the correct proof to Theorems 1–4 in Section IV in [5].
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