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Vector Ordinal Optimization1,2

Q. C. Zhao,3 Y. C. Ho,4 and Q. S. Jia5

Abstract. Ordinal optimization is a tool to reduce the computa-
tional burden in simulation-based optimization problems. So far, the
major effort in this field focuses on single-objective optimization. In
this paper, we extend this to multiobjective optimization and develop
vector ordinal optimization, which is different from the one intro-
duced in Ref. 1. Alignment probability and ordered performance
curve (OPC) are redefined for multiobjective optimization. Our results
lead to quantifiable subset selection sizes in the multiobjective case,
which supplies guidance in solving practical problems, as demon-
strated by the examples in this paper.

Key Words. Multiobjective optimization, stochastic optimization, vec-
tor ordinal optimization.

1. Introduction

In simulation-based optimization, one has a model of a complex
system. Usually, this model is computationally intensive. We measure the
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performance of this system L(θ, ξ) via simulation, where θ is a vector
of system parameters and ξ represents all the randomness in the system
(Ref. 2). Using Monte Carlo procedures, we estimate the expectation of
the system performance as

J (θ)≡Eξ [L(θ, ξ)]= lim
N→∞

(1/N)
∑N

i=1
L(θ, ξi), (1)

where the expectation is taken over all the randomness in the system. The
last term in equation (1) is a limit and can be approximated by

(1/N)
∑N

i=1
L(θ, ξi). (2)

When N is larger, this approximation is more accurate. Then, the optimi-
zation problem is defined as choosing θ ∈� so as to minimize J (θ), where
� is the design (search) space containing all the possible values of θ . If
one Monte Carlo simulation experiment is computationally laborious, it
is often infeasible to search through � to find a minimum. So, there are
two basic characteristics in simulation-based optimization: large but finite
design space and simulation-based evaluation of the design. There are
many techniques to deal with this type of optimization problems (Ref. 2).
Ordinal optimization (OO) is one of these techniques and also the focus in
this paper. As a tool to lessen the computational burden of optimizing a
complex simulation model, ordinal optimization has had considerable suc-
cess. OO enables us to use a crude or approximate model [e.g., a small
number of replications in equation (2), i.e., small N , with a large vari-
ance or confidence interval] to quantitatively determine a subset of good
enough solutions (say, within the top 1% of the optimum) with high prob-
ability. The theory of OO rests on two intuitively reasonable tenets (Ref.
3): ordinal comparison and goal softening. Both tenets have been made
quantitative and provable in precise terms (Refs. 4–5).

However, up to now, most problems solved via OO are either uncon-
strained optimization problems or problems which can be converted to
single-objective optimization problems (i.e., the designs can be placed in
a one-dimensional set and the design space can be partitioned easily). Of
course, it is easy to imagine constrained stochastic optimization problems
of the type

minθ E[Lv(θ, ξ)], s.t. Ji(θ)=E[Li (θ, ξ)]≤0, i =1,2, . . . ,m, (3)

where the constraints must also be evaluated via simulation. The difficulty
with such problems is the fact that a constraint such as Ji ≤ 0 is inher-
ently a cardinal notion, which OO is trying to avoid. Thus, constrained
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OO seems to encounter a fundamental contradiction. Previously, partial
solutions to this difficulty were given in Refs. 1 and 6 by converting a con-
strained optimization problem to an unconstrained problem with multiple
objectives or vector objective.6 The duality between constrained optimiza-
tion and vector optimization is well known. However, a completely satis-
factory solution to vector ordinal optimization (VOO) remains elusive.

Consider a multiobjective optimization problem with m objective
functions J1, . . . , Jm over a finite but huge design space �. The purpose
of the optimization here is to find designs such that the objective functions
are in some sense minimized. The operative concept in multicriterion opti-
mization problems of course is that of Pareto frontier or nondominated
solutions. In Section 2, we define the concept of Pareto frontier and layer
in vector optimization and analyze the convergence rate of observed lay-
ers to true ones. In Section 3, we define the good enough set, selected
set, universal alignment probability (UAP), and ordered performance
curve (OPC) in the vector case. Based on abundant experiments, we give
quantifiable subset selection sizes for different types of two-objective opti-
mization problems. Following this idea, we can quantify subset selec-
tion sizes when there is an arbitrary number of objective functions. In
Section 4, we use examples to show how the above numerical results help
to reduce the search effort for true Pareto frontier by at least one order
of magnitude. We conclude in Section 5. In the Appendix (Section 6), the
proofs of the lemma and theorem in this paper are provided.

2. Pareto Frontier and the Concept of Layers

First, we define dominance among designs.

Definition 2.1. Dominance. A design θ1 is said to dominate θ2,
denoted by θ1 ≺ θ2, if Ji(θ1)≤ Ji(θ2), for i = 1,2, . . . ,m, with at least one
inequality being strict.

To describe incomparable (noninferior) designs of the design space,
one important concept is the Pareto frontier.

Definition 2.2. Pareto Frontier. A set of designs L1 is said to be in the
Pareto frontier in terms of the objective functions J1, . . . , Jm if it contains

6In the following of this paper, we use the terms “vector optimization” and “multiobjec-
tive optimization” interchangeably. Accordingly, “scalar case” and “vector case” refer to
single-objective and multiobjective optimization problem, respectively.



262 JOTA: VOL. 125, NO. 2, MAY 2005

all the designs that are not dominated by other designs in the design space
�; i.e.,

L1 ≡{θ |θ ∈�,� θ ′ ∈�, s.t. θ ′ ≺ θ}.

The concept of Pareto optimum was formulated by Vilfredo Pareto
(Ref. 7). All the designs in the Pareto frontier are called Pareto optimal. In
simulation-based optimization problems, it is often computationally infea-
sible to generate the Pareto frontier. Genetic algorithms and evolution-
ary algorithms are alternatives (Ref. 8), which do not guarantee a set of
designs but try to find a set of designs hopefully not too far away from
the Pareto frontier (Ref. 9). Comprehensive survey in this area can be
found in Refs. 10–11. However, in this paper, by generalizing ordinal opti-
mization from the scalar case to the vector case, we aim at quantifying
how many observed layers (definition follows) are enough to contain the
required number of designs in the Pareto frontier with high probability.

The concept of Pareto frontier introduces naturally an operator �

that maps a design space to the set of the Pareto frontier with respect to
the objective functions as L1 =�(�). The concept of Pareto frontier can
be extended to a sequence of layers.

Definition 2.3. Layers. A series of designs Ls+1 = �(�\ ∪i=1,...,s

Li), s = 1,2, . . . , are called layers, where A\B denotes a set containing all
the designs included in the set A, but not included in the set B.

Designs in Ls are called layer s designs. They are the successive Pa-
reto frontiers after the previous layers have been removed from consider-
ation. The significance of layers is that they introduce a natural order in
the design space �.

Without any additional problem information, there are no prefer-
ences of the objective functions and no preferences of the designs in the
same layer. We hold this assumption in the following discussion. We have
an algorithm to determine the successive layers of the design space �

(Ref. 14). When there are m objective functions, in the worst case the
algorithm needs m|�|(|�|−1)/2 number of comparisons between pairs of
designs to determine all the layers. Obviously, if we substitute � with a
subset of �, e.g., �′ ⊂�, then we can use the above algorithm to find all
the layers in �′.

The first tenet of VOO is ordinal comparison. We introduce some
assumptions first.
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Assumption 2.1. Assume that any two designs in � are distinguish-
able in all the objective functions; i.e.,

Ji(θ) 
=Ji(θ
′), ∀ θ, θ ′ ∈� and ∀1≤ i ≤m.

Assumption 2.2. For fixed i = 1,2, . . . ,m, assume that wij (θ, ξ) is a
sequence of identical independent distributed (i.i.d.) random variables for
j ≥1 with Eξ [wij (θ, ξ)]=0 and that wij (θ, ξ) are independent for different
j =1, . . . ,m and θ ∈�. The observed values of the objective functions are
in the form

Ĵi (θ, n)= (1/n)

n∑

j=1

(Ji(θ)+wij (θ, ξ)), i =1,2, . . . ,m,

where n is the number of replications. Assume that n is the same for all the
designs. To simplify notations, we denote Ĵi (θ, n) as Ĵi (θ). The sequence of
wij is called noise. Note that n in the above formula usually is very small
compared with N , which is used to approximate the true J in equation (2),
and could be equal to 1. We assume that, for a given design and a given
objective function, the noises in different observations are indepedent. We
assume also that the noises for different designs are independent.7

Definition 2.4. Dominance in Observation. A design θ1 is said to dom-
inate θ2 in observation, denoted by θ1≺̂θ2, if Ĵi (θ1)≤ Ĵi (θ2), i = 1,2, . . . ,m,

with at least one inequality being strict.

Dominance in observation is a stochastic relationship among designs.
To show the exponential convergence rate of ordinal comparison in VOO,
we need the following assumptions.

Assumption 2.3. The noise wij (θ, ξ) has a continuous density func-
tion, for i =1, . . . ,m, j =1, . . . , n, and all θ ∈�.

Assumption 2.4. The noise wij (θ, ξ) has a finite, continuous moment
generating function E[exp(rwij (θ, ξ))] in a neighborhood of r = 0, r ≥ 0,
for i =1, . . . ,m, j =1, . . . , n, and all θ ∈�.

7The technique of common random number violates these assumptions. It is an open
problem to analyze how common random numbers affect the application of ordinal opti-
mization (scalar and vector), but we do not address this problem in this paper.
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Lemma 2.1. Under Assumptions 2.2 to 2.4, if θ1, θ2 ∈� and θ1 ≺θ2, then
there exists a positive number β > 0 s.t. Pr{θ1≺̂θ2} = 1 − O(e−βn), where n is
the number of independent experiments and is identical for all the designs.

In the vector case, with Lemma 2.1, we can show that the conver-
gence rate of any observed layer to the corresponding true layer is expo-
nential (one tenet of VOO); i.e., we have the following theorem.

Theorem 2.1. Under Assumptions 2.1 to 2.4, there exists a positive
number β > 0 s.t., for i = 1,2, . . . , s0, Pr{L̂i = Li} = 1 − O(e−βn), where s0
is the total number of true layers, n is the number of independent experi-
ments, L̂i and Li are the observed and true ith layer, respectively.

3. Universal Alignment Probability

The second tenet of VOO is goal softening; i.e., we aim at finding a
set of good enough designs, but not necessarily the best one. We use G

to denote the union of the designs in the true first g layers (e.g. when
g =1,G is the Pareto frontier) and use S to denote the union of the
designs in the observed first s layers. The user is free to decide how many
layers constitute G. We care about the probability that the observed first
s layers contain at least k designs of the true first g layers; we want this
probability to be greater than or equal to some required confidence prob-
ability α, i.e.,

Pr
{∣∣⋃s

i=1
L̂i ∩

⋃g

i=1
Li

∣∣≥k
}

≥α.

This is called alignment probability in VOO or AP for short. It is con-
sidered universal, because the formula is applicable to a wide variety of
problems. Similar to scalar OO, AP in VOO is also affected by problem
types, which will be specified by OPC. To define OPC in VOO, we intro-
duce a one-dimensional function f (x) as the density function. The map
f (x) sends an x, the layer index, ranging from 1 to the total number of
layers of that problem, to f (x), the number of designs in the xth layer.
In Fig. 1, we use two-objective optimization as an example to show how
f (x) describes different types of multiobjective optimization problems. In
Fig. 1, each column shows one type of two-objective optimization prob-
lem and the corresponding f (x). The true performances of the designs are
denoted by dots. Suppose that we uniformly pick up designs to compose
the selected set S. In the first type, there are few designs in the Pareto
frontier. Then, it is hard for S to contain some designs in the Pareto fron-
tier. This type of optimization problems is hard. Then, the problems in the
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Fig. 1. Three types of two-objective optimization problems.

second and third column are neutral and easy, respectively. In VOO, we
define OPC as the accumulative function of f (x).

Definition 3.1. Ordered Performance Curve (OPC) in VOO. The OPC
of a multiobjective optimization problem describes a function F(x), where
x is the layer index, from 1 to the total number of layers of that problem,
and F(x) is the number of designs in the first x layers.

There are four types of F(x). Three types are shown in Fig. 1. A
fourth type denotes a general nondecreasing curve. Besides g, s, k, and
OPC, the noise level in the observation also affects AP. In general, it is
difficult to get a closed-form formula to calculate AP giving the values of
these factors. In the scalar case, a table is used to quantify the relation-
ship among g, s, k under different OPC and noise levels (Ref. 5). In VOO,
we similarly tabulate the relationship among g, s, k. In the rest of this sec-
tion, we show how to do experiments for two-objective optimization prob-
lems as an example. For cases with more than two objective functions, the
method is similar.

We consider three types of OPC in experiments: Flat, neutral, and
steep. Without loss of generality, we assume that the true performance of
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each design is within [0,1], that there are totally 10000 designs8 and 100
layers. The number of designs in each layer are also specified:

for flat OPC, |Li |=2i −1;

for neutral OPC, |Li |=100;
for steep OPC, |Li |=201−2i, i =1,2, . . . ,100.

We randomly generate the true performance of each design such that the
number of designs in each layer meets the above requirements. Uniformly
distributed noises are considered; i.e.,

wi(θ, ξ)∼U [−w,w], i =1, . . . ,m.

Three noise levels are considered: w = 0.5,1.0,2.5. Adding observation
noises to the true performances of each designs, we can use the algorithm
mentioned in Section 2 to search the layers and find the observed first s

layers. For each type of OPC, we repeat the above procedure 1000 times to
estimate the alignment probability. The values of g, s, k are also specified
for each OPC:

for flat OPC, g, s ∈ [1,44];

for neutral OPC, g, s ∈ [1,20];

for steep OPC, g, s ∈ [1,10];

and k∈ [1,100] for each type. When the alignment probability α≥0.95, we
try to describe the value of s as a function of k and g. We find that the
following functional form (Ref. 5) suits well in all cases:

s(k, g)= eZ0kρgγ +η, (4)

where Z0, ρ, γ, η are constants depending on the OPC types and noise
characteristics. We perform a regression on the data of (g, s, k) of the

8When there are more than two objective functions (i.e. m>2), we give a rough estimate
of the number of designs used in experiments as follows. When m is small, the number is
sm

0 ; when m is large the number is C(1+ s0)s0/2, where s0 is the total number of layers;
usually, s0 =100 and C is a positive integer.
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Table 1. Regressed values of Z0, ρ, γ, η in s(k, g) for UAP of VOO.

Noise U [−0.5,0.5]

OPC class Flat Neutral Steep

Z0 4.2004 −0.2176 −0.7564
ρ 1.1953 0.9430 0.9156
γ −2.3590 −0.9208 −0.8748
η 3.1992 1.0479 0.6250

Noise U [−1.0,1.0]

OPC class Flat Neutral Steep

Z0 4.7281 0.3586 −0.1536
ρ 1.0459 0.8896 0.8721
γ −2.1283 −0.8972 −0.8618
η 2.4815 0.8086 0.5191

Noise U [−2.5,2.5]

OPC class Flat Neutral Steep

Z0 5.2099 0.9379 0.3885
ρ 0.9220 0.8445 0.8536
γ −1.9542 −0.8890 −0.8847
η 1.9662 0.5946 0.5414

experiments, which lead to α ≥ 0.95, and this in turn produces the coeffi-
cients appearing in equation (4). We list the regressed values in Table 1.
Numerical ranges:

for neutral OPC, g ∈ [1,20], k ∈ [1,100], s(•,•)≤20;
for steep OPC, g ∈ [1,10], k ∈ [1,100], s(•,•)≤10.

For flat OPC, when k ≤ 50, the range of g is 1 ≤ g ≤ 44. When 50 < k ≤
100, for flat OPC with noise level w=0.5, the range of g is 1≤g ≤25; for
noise level w=1.0, the range of g is 1≤g ≤30; for noise level w=2.5, the
range of g is 1 ≤g ≤ 35. For flat OPC, all the (g, k) combinations should
let s(•,•)≤44.

4. Examples of Search Reduction

When we obtain the regressed values in Table 1, there are several
assumptions:

(A1) There are 10000 designs and 100 layers in total.
(A2) The observation noises of different designs are independent.
(A3) The observation noises have uniform distribution.
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Fig. 2. True performance J1 and J2 in Example 4.1.

It turns out that, even when these assumptions are not met, Table 1
still gives a good guidance on how many observed layers to select due to
their universality. We present two examples here to demonstrate this, one
academic problem and one practical problem. Due to the length limitation
of the paper, we formulate briefly the problems and present the numer-
ical results. For detailed discussion, refer to a full version of this paper
(Ref. 14).

Example 4.1. Consider a two-objective optimization problem minθ∈�

J(θ), where J (θ)= [J1(θ), J2(θ)]T , J1(θ) and J2(θ) are the true performance
of the design θ , and T denotes transposition. There are 1000 designs in �.
For each design θ, J1(θ) and J2(θ) are uniformly generated values from [0,1]
and fixed in the following experiments. The true performances are shown in
Fig. 2. There are 9 designs in the Pareto frontier, which are marked by cir-
cles. The observation noise of each design is independent and has normal
distribution N(0,0.252). We are interested to find at least k,1≤k≤9, designs
in the true Pareto frontier with high probability, α ≥ 0.95. The question is
how many observed layers we should select. In the following, two methods
are compared.

First, we use the regressed values in Table 1 to answer this question.
We simulate each design only once and estimate the OPC type of this
problem, which is neutral. We specify the noise level as 0.5. Then, from
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Table 2. Predicted and true values of s in Example 4.1 and 4.2.

Example 4.1

k 1 2 3 4 5 6 7 8 9
ŝ 5 9 12 16 19 23 26 30 33∣∣∣
⋃ŝ

i=1 Li

∣∣∣ 78 166 241 340 420 517 596 692 756

s∗ 3 5 7 9 11 14 17 22 32

Example 4.2

k 1 2 3 4 5 6 7 8 9
ŝ 5 8 11 14 17 20 23 26 29∣∣∣
⋃ŝ

i=1 Li

∣∣∣ 32 44 95 147 197 240 268 279 286

s∗ 1 2 2 3 4 5 6 8 9

Table 1, we find the values of coefficients as

Z0 =−0.2176, ρ =0.9430, γ =−0.9208, η=1.0479.

Since there are only 1000 designs and 579 observed layers in Example 4.1,
we need to adjust the values of g and k. The idea is to keep the ratios
g/s0, k/|�|, s/s0 as constant, where s0 is the total number of true layers.
We use the total number of observed layers ŝ0 as an estimate of s0. Then,
we have

g′ =�100/57×1�=1,

k′ = (10000/1000)×k =10k, 1≤k ≤9,

where �a� represents the largest integer that is not greater than a. Using
equation (4), we get s′(k′, g′) and s =�(57/100)× s′�, where �a� represents
the smallest integer that is no smaller than a. The predicted values of s

are collected in Table 2 (denoted as ŝ).
Second, we use the experiments to estimate how many observed layers

to select. We use 1000 independent experiments to estimate the AP of each
(s, k). In this way, for different k, we get estimates of how many observed
layers are enough so that the corresponding AP is no less than 0.95. We
regard these estimates as true values and also list them in Table 2 (denoted
by s∗).

In Table 2, we can see that the predicted values ŝ based on the
regressed model are always an upper bound of the true values s∗. If we

9This number may be different in different experiments, but around 57.
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Fig. 3. 10-node network with priority and shared server.

want to find at least one design in true Pareto frontier, then it is sufficient
to focus on the observed first 5 layers. There are only 78 designs on the
average (a saving from 1000 to 78). Also note that, if we want to con-
tain most or all (nine) designs in the true Pareto frontier, we still need
to explore many designs. However, this is due to the fact that the noises
are large in our model and insisting on k =9 is not compatible with goal
softening.

Example 4.2. We consider the 10-node queuing network of Fig. 3.
For details of this network, refer to Ref. 12. There are two classes of
customers with different arrival distributions (exponential and uniform dis-
tributions). Both classes arrive at any of the 0–3 nodes and leave the
network after finishing all three stages of services. The routing is class
dependent and is deterministic. The buffer size at each node is finite and is
the parameter that we can design. We say that a buffer is full if there are
as many customers as that buffer size, not including the customer being
served in the server. Nodes 8 and 9 have individual queues but share one
server. This network can model a large number of real-world systems, such
as manufacturing, communication, and traffic network. We consider the
problem of allocating 22 buffer units among the 10 nodes. We use Bi to
denote the buffer size at node i,Bi ≥0. For symmetry reasons, we require

B0 =B1 =B2 =B3, B4 =B6, B5 =B7, B8,B9 ≥1.

Then, there are totally 1001 different configurations. There are two
objective functions. One is the expected time to process the first 100 jobs
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Fig. 4. True performance of all configurations in Example 4.2.

from the same initial state (all buffers are empty). The other one is the
average utility of the buffers at all the nodes, i.e.

∑9
i=0 qi/Bi , where qi

is the expected queue length at node i,0 ≤ i ≤ 9. If Bi = 0, we define the
utility of that buffer to be 1. We want to improve the throughput of the
network and improve the efficiency of all the buffers. This problem is a
two-objective minimization problem, where J1 is the first objective func-
tion above and

J2 =1−
9∑

i=0

qi/Bi.

For each configuration, we use 1000 independent experiments to estimate
J1(θ) and J2(θ) for each θ . The experimental results are shown in Fig. 4.
We regard these values as true performances and define the configurations
in the observed first two layers as good enough (9 designs in total), also
marked by circles in Fig. 4. We want to find at least k,1≤k≤9, configura-
tions in the true first two layers with high probability, α ≥0.95. The ques-
tion is also how many observed layers to select.

First, we simulate each configuration once. There are 94 observed lay-
ers, which may be different in different experiments. The estimated OPC
type is neutral. By normalization, the standard deviation of the observa-
tion noise is 0.1017 for J1 and 0.0271 for J2, and we select 0.5>2×0.1017
as the noise level. The corresponding coefficients in Table 1 are the same
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as in Example 4.1. We adjust the values of g and k accordingly, i.e.,

g′ =�100/94×2�=2, k′ = (10000/1001)×k ≈10k, 1≤k ≤9.

Substituting these values in equation (4), we can get s′(k′, g′) and
s =�94/100× s′�. We predict the number of observed layers to select as
shown in Table 2. Second, we use 1000 independent experiments to esti-
mate the AP of each (s, k). For each k, when AP is no smaller than 0.95,
we denote the value of s as s∗ in Table 2.

In Table 2, if we want to contain at least 3 designs in the true first
two layers, we need to explore only 95 designs on average. This saves much
of our search effort. We can see that the predicted values of s are always
no less than the estimated values. The predicted values of ŝ seem conser-
vative. The reason is that the normalized noise level is 0.2034 in Example
4.2, which means that some good enough designs almost always dominate
some other designs in observation. But the smallest noise level in Table 1
is 0.5, which is more than twice larger than 0.2034. In turn, this leads to
a conservative estimate of s.

In Example 4.1, we relax Assumptions A1 and A3 in Table 1. In
Example 4.2, we relax all three assumptions. Numerical results show that
the regression function (4) and the regressed coefficients in Table 1 still
give good guidance on how many observed layers to select. When there
are more objective functions, we can design similar experiments to obtain
the regressed values of the coefficients in equation (4).

5. Conclusions

In this paper, the idea of scalar OO is extended to the vector case.
After defining some important concepts in the vector case such as dom-
inance and layer, it is shown that, under some general assumptions, the
observed layers converge to the right true layers exponentially fast. Then,
we introduce the concept of OPC in VOO and use a regression function to
estimate how many number of observed layers to select to contain at least
k designs in the true Pareto frontier with high probability. As an instance,
we use experiments to obtain the values of the coefficients in the regres-
sion function for two-objective optimization problems. Numerical exam-
ples show that this regression function gives good guidance on how many
observed layers to select to insure high alignment probability. For arbi-
trary number of objective functions and arbitrary alignment probability α,
we can use similar experiments to obtain the values of the coefficients in
the regression function. When there are many designs in total, the user can
uniformly sample M designs first. Then, using VOO, usually we can reduce
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the effort to search designs in the true Pareto frontier of the M designs by
at least one order of magnitude. Note that the good enough set is specified
as the true first g layers of the M designs. If some designs are not sam-
pled, i.e. M < |�|, then there is possibly a difference between the true first
g layers in � and the true first g layers in M. But as shown in Ref. 13,
this difference are usually inconsequential as far as the determination and
identification of some members of the true top g% layers are concerned.

6. Appendix

Proof of Lemma 2.1. If θ1 ≺ θ2, then for all i ∈ {1, . . . ,m}, Ji(θ1) ≤
Ji(θ2). Under Assumption 2.1, this implies that Ji(θ1) < Ji(θ2) for all i ∈
{1, . . . ,m}. Applying Theorem 5.1 in Ref. 4 for the set {θ1, θ2}, we can
establish that

Pr{Ĵi (θ1)≤Ĵi (θ2)}=1−O(e−βin), for some βi>0 and all i∈{1, . . . ,m}.
Because

Pr{θ1≺̂θ2}+Pr{θ2≺̂θ1}+Pr{θ1, θ2 are incomparable in observation}=1,

Pr{Ĵi (θ1)= Ĵi (θ2)}=0, for all i,

Pr{θ2≺̂θ1}≤Pr{Ĵi (θ2)= Ĵi (θ1)}=O(e−βin),

Pr{θ1, θ2 are incomparable in observation}
=Pr{∃i, i′, s.t. Ĵi (θ1)< Ĵi(θ2), Ĵi′(θ1)> Ĵi′(θ2)}
≤

∑

i,i′∈{1,2,...,m}
Pr{Ĵi (θ1)< Ĵi(θ2), Ĵi′(θ1)> Ĵi′(θ2)}

≤
m∑

i=1

(m−1)Pr{Ĵi (θ1)< Ĵi(θ2)}≤
m∑

i=1

O(e−βin),

we have that there exists a positive real number β such that

Pr{θ1≺̂θ2}=1−Pr{θ2≺̂θ1}−Pr{θ1, θ2 are incomparable in observation}

≥ 1−O(e−βin)−
m∑

i=1

(m−1)O(e−βi′n)

=1−O(e−βn).
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Proof of Theorem 2.1. This is a corollary of Lemma 2.1 by noting
the fact that the design space is finite and all layers are divided by the
order between pair of designs.
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