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The main idea of perturbation analysis is that a sample path of a discrete event dynamic system contains information about not only the
performance itself, but also its derivative. The development of recent
30+ years has testiﬁed the power of this insightful idea. It is now clear
that a sample path of a Markov system under a policy contains some
information about the performance of the system under other policies;
and with this view, policy iteration is simply a discrete version of the
gradient descent method, and each iteration can be implemented based
on a single sample path. This view leads to the direct-comparison based
approach to performance optimization, which may be applied to cases
where dynamics programming does not work well. In this chapter dedicated to Prof. Ho’s 80th birthday, we document the research along this
direction, especially those beyond dynamic programming.
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7.1. Introduction
Perturbation analysis (PA) was ﬁrst proposed for queueing systems by Prof.
Y. C. Ho et al., in early 80’s last century [29, 32] and its main idea was
to estimate the performance derivatives with respect to system parameters
by analyzing a single sample path of a stochastic dynamic system. It indicates that a system’s sample path contains the information not only for the
system performance, but also for the performance derivatives.
The development in the past three decades has testiﬁed the power of
this highly innovative idea. In this chapter dedicated to Prof. Ho’s 80th
birthday, we brieﬂy document the research development starting from PA
that the authors have been involved, and we hope this may illustrate, from
one angle, the deep inﬂuence of Prof. Ho’s insightful initial work. The chapter represents our own understanding; and there are many other important
works presented in other chapters.
The early works of PA focus on queueing systems and most of them
are with a ﬁnite horizon performance; the approach was to develop an efﬁcient algorithm to calculate the sample derivative as an estimate for the
derivative of the average performance [29]. It was realized in mid 80’s that
for the PA-based sample derivative obtained from a single sample path to
be an unbiased estimate, it requires conditions for exchanging the order
of expectation and derivatives [2]. Since then, one of the major research
direction is developing eﬃcient algorithms for the sample derivatives for
various systems, proving the unbiasedness of the sample derivative as the
estimate of the derivatives of the average performance, and developing new
techniques when the unbiasedness does not hold. There have been many
excellent papers and books in this research direction, including [3, 5, 18,
19, 21–24, 26, 28, 30, 31], and we certainly cannot cite all of them. We will
not review them in details except mentioning here that the idea is recently
applied to analyze the performance of non-linear behavior in ﬁnancial engineering, and a new property called mono-linearity is discovered, leading
to some new insights to this subject [14].
In this chapter, we mainly focus on another research direction starting
from PA. The main ideas leading to this direction are as follows.
First, the eﬀect of a parameter change on a performance can be decomposed into the sum of that of a sequence of single perturbations, which can
be measured by a quantity called perturbation realization factor. When
the perturbation generated due to the parameter change is inﬁnitesimal,
this decomposition leads to the performance derivative, and when the
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perturbation generated is ﬁnite, it leads to the performance diﬀerence. This
idea applies to both queueing systems [2, 4, 6, 23, 29] and general Markov
systems [13, 17], both ﬁnite and inﬁnite horizon performance. For Markov
systems, the realization factor of a perturbation, which represents a jump
from one state to another, equals the diﬀerence of the performance potentials of these two states, the latter measure the “contribution” of a state to
the system performance. This approach overcomes the diﬃculty involved
with the exchangeability.
The second idea is a fundamental observation: Because the policy space
is usually extremely large, exhaustive search for an optimal policy is infeasible. Therefore, if we do not know anything about the property of the
performance curve on the policy space, to develop feasible methods for performance optimization we need to compare the performance of any two
policies by analyzing one of them. (If comparing two policies requires to
analyze both of them, then comparing all the policies requires to analyze
all of them, equivalent to enumerating search in the policy space.) The
realization factor approach provides a simple way to implement this single
policy based comparison. The realization factors can be determined by analyzing one of the policies. With the realization factors, the original idea
of PA, i.e., a system’s sample path contains the information not only for
the system performance, but also for the performance derivatives, extends
to ﬁnite parameter changes, i.e., under some mild conditions such as the
Markov structure, a system’s sample path under a policy also contains some
information about the performance under other policies. This establishes a
new approach for the performance optimization, which is simply based on a
direct comparison of the performance of any two policies. This approach is
based on the performance diﬀerence equation, with no dynamic programming. Compared with the standard dynamic programming approach, this
approach is simple and intuitive, and may be applied to problems where
dynamic programming fails to work.
In this chapter, we mainly review the research along the direction with
the direct-comparison based approach. This approach was ﬁrst applied
to Markov decision processes (MDPs) and it was shown that the standard
results such as HJB optimization equations and policy iteration, etc., can be
easily established, and Q-learning and other techniques can be derived; in
addition, the study has led to a new topic, gradient-based learning (called
policy gradient in the reinforcement learning community). Furthermore,
because of its simplicity and intuitiveness, the approach also motivates
the study of many problems with relatively complex performance, such
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as the N -bias and the sample-path based variance. The N -bias optimality
eventually leads to the Blackwell optimality as N goes to inﬁnity [12, 16, 39];
the ﬁnal results are equivalent to the N -discount optimality [41, 49], but
the approach is simple and more direct in the sense of no discounting.
The standard dynamic programming requires two assumptions, among
others; it assumes that the actions taken at diﬀerent states can be chosen
independently, and that the performance to be optimized is time consistent;
that is, the optimal policy for the performance starting from time t + 1 is
also optimal for the performance starting from t. However, many practical
problems, such as problems involving aggregation or event-triggering actions, the independent-action assumption is violated. We have applied the
direct-comparison based approach to study these problems. The study on
time-inconsistent performance is underway.
The direct-comparison based approach also motivates some new ideas
in the well-established subjects, such as the optimization of queueing systems. There are already rich studies on the optimal control of queueing systems. The traditional approaches usually model the optimization problem
of Markovian queues as a Markov decision process and use the optimality
equation to analyze and develop the related algorithms. However, for the
complex queueing systems, such as the queueing networks, the associated
optimality equation is too complicated for eﬀective analysis. By applying
the direct-comparison based approach, we can derive the diﬀerence equation
for queueing systems, which is more eﬃcient than the derivative equation
in the traditional PA theory [44]. Direct comparison and diﬀerence equation of queueing systems give a new perspective and some new results are
derived, which are diﬃcult to obtain in the traditional queueing theory,
such as the Max-Min optimality of service rate control [48] and the optimal
admission control of queueing networks [46].
The structure of the relations of the above topics is illustrated in Fig. 7.1.
The rest of this chapter is organized as follows. First, we will introduce the
traditional PA theory in queueing systems. Then, we will brieﬂy introduce
the development on the performance optimization of Markov systems. Finally, we will discuss the further advancements on some emerging topics,
including a new optimization framework called event-based optimization
and some new ideas based on PA in ﬁnancial engineering. The concept of
perturbation realization factor (or performance potential for Markov systems) is the overall thread throughout the chapter.
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Summary of the chapter: Some researches motivated by PA.

7.2. Perturbation Analysis of Queueing Systems Based on
Perturbation Realization Factors
The PA theory in queueing systems reviewed in this chapter is based on
perturbation realization factor, which measures the long-term eﬀect of a
single perturbation on the system average performance [4, 6]. With the
perturbation realization factor as building blocks, the performance derivative equation and diﬀerence equation with respect to system parameters
are derived, and the gradient-based algorithm and the policy iteration algorithm can be developed, respectively. In this section, we will mainly
introduce these two types of sensitivity equations based on perturbation
realization factors. Other parts of the PA theory, such as IPA, FPA, SPA,
PA for ﬂuid model, etc., are omitted for the limit of the space and can be
referred to other parts of this book, or in the literature [6, 19, 24–26, 28, 31].
7.2.1. Performance gradient
Below, we use a typical queueing model, the closed Jackson network, to
introduce the key results of the traditional PA theory in queueing systems.
Please note, the similar principles of PA theory may be also applied to other
queueing systems [6, 21, 28, 35]. Consider a closed Jackson network (also
called Gordon-Newell network [27]) with M servers and N customers. The
total number of customers in the network is a constant N . That is, there
is no customer arrival to or departure from the network. The customer
transits among the servers and receives service. The service time at every
server obeys an exponential distribution. We denote the service rate of
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server i as μi , i = 1, 2, . . . , M . When a customer ﬁnishes its service at server
i, it will transit to server j with a routing probability qij , i, j = 1, 2, . . . , M .
M
Obviously, we have j=1 qij = 1 for all i. The service discipline of servers
is ﬁrst come ﬁrst serve (FCFS). The waiting capacity of servers is adequate
and there are no customer overﬂows or losses. The number of customers
(including the customer being served) at server i is denoted as ni . The
system state is denoted as n := (n1 , n2 , . . . , nM ). The state space is deﬁned

as S := {all n : M
i=1 ni = N }. Let n(t) := (n1 (t), n2 (t), . . . , nM (t)) be the
system state at time t, where ni (t) is the number of customers at server i
at time t, i = 1, 2, . . . , M , t ≥ 0. Deﬁne Tl as the lth state transition time
of the stochastic process n(t). Tl also indicates the time when the entire
network has served l customers.
The cost function of the system is denoted as f (n), n ∈ S. We deﬁne
the time-average performance η of the system as below.

1 T
FT
,
(7.1)
f (n(t))dt = lim
η := lim
T →∞ T 0
T →∞ T
T
where FT := 0 f (n(t))dt is deﬁned as the accumulated performance until T . As a comparison, we deﬁne another performance metric called the
customer-average performance ηC as below.

1 Tl
FTl
.
(7.2)
f (n(t))dt = lim
ηC := lim
l→∞ l 0
l→∞ l
When the network is strongly connected (any customer may visit every
server in the network), n(t) is ergodic. Thus, the limits in (7.1) and (7.2)
exist with probability 1. It is clear that η is the system performance averaged for each unit of time, while ηC is the system performance averaged
for each customer. These two performance metrics are both important for
queueing systems and they have the following relation

η
Tl
1 Tl
f (n(t))dt =
= ηηI ,
(7.3)
lim
ηC = lim
l→∞ l Tl →∞ Tl 0
ηth
l
l→∞ Tl

where ηth := lim

is the average throughput of the entire network, ηI is

a special case of ηC when f (n) = I(n) ≡ 1 for all n. That is, we have

1
1 Tl
Tl
=
1dt = lim
.
(7.4)
ηI := lim
l→∞ l 0
l→∞ l
ηth
Generally speaking, the optimizations for η and ηC are diﬀerent and we
have to develop speciﬁc approaches for them respectively [44].
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Suppose that the service rate of server i has a very small change Δμi .
That is, the service rate is changed from μi to μi + Δμi , where Δμi → 0.
With the inverse transform method, we have s = − μ1i ln ζ, where ζ is a uniformly distributed random number in [0, 1] and s is the random service time
obeying exponential distribution with rate μi . For the same randomness ζ,
when the service rate is changed from μi to μi + Δμi , the random service
1
i /μi
ln ζ = − 1−Δμ
ln ζ + o(Δ). The
time s will be changed to s = − μi +Δμ
μi
i
perturbation of the random service time can be written as
Δs = s − s = −

Δμi
s.
μi

(7.5)

Therefore, during the simulation process, the service time of each customer
at server i will have a perturbation whose amount is proportional to its
i
original service time with a scalar − Δμ
μi .
After the perturbations are generated, they are propagated throughout
the entire network according to some speciﬁc rules [6]. The eﬀect of such
single perturbation on the accumulated performance can be quantiﬁed by
a quantity called perturbation realization factor. Consider a single perturbation Δ of service time of server i when the system is at state n. The
perturbation realization factor is denoted as c(f ) (n, i), n ∈ S, i = 1, . . . , M ,
and it measures the long-term eﬀect of this perturbation on the total accumulated performance FTl . Theoretically, c(f ) (n, i) is deﬁned as below.

 


FT  − FTl
ΔF
T
l
l
c(f ) (n, i) := lim lim E
= lim lim E
l→∞ Δ→0
l→∞ Δ→0
Δ
Δ


 Tl
 Tl
1

= lim lim E
f (n (t))dt −
f (n(t))dt
, (7.6)
l→∞ Δ→0
Δ 0
0
where n (t) is the stochastic process of the state of the perturbed system
(with the perturbation Δ of service time of server i at time 0) at time t, Tl
is the lth service completion time of the perturbed system.
The value of c(f ) (n, i) can be numerically obtained by solving the following set of linear equations [6]
If ni = 0, then c(f ) (n, i) = 0;

(7.7)

M

c(f ) (n, i) = f (n);
i=1

(7.8)

April 29, 2013

16:24

World Scientific Review Volume - 9in x 6in

chapter7

L. Xia and X.-R. Cao

134





M

1nk >0 μk
k=1

c

μi qij

M

1nk >0 μk qkj c(f ) (n−k,+j , i)

(n, i) =
k=1 j=1



M

+

M
(f )



1 − 1nj >0 c(f ) (n−i,+j , j) + f (n) − f (n−i,+j ) ; (7.9)

j=1

where n−i,+j := (n1 , . . . , ni − 1, . . . , nj + 1, . . . , nM ) is a neighboring state
of n with ni > 0, 1ni >0 is an indicator function deﬁned as, if ni > 0,
1ni >0 = 1; otherwise 1ni >0 = 0. On the other hand, c(f ) (n, i) can also be
estimated statistically from a single sample path. For more details, readers
can refer to the literature [6, 45].
With c(f ) (n, i) as building blocks, we can derive the performance derivative equation of PA theory in queueing systems in an intuitive way as follows. Suppose the service rate μi is decreased to μi − Δμi , where Δμi
is an inﬁnitesimal amount. According to the inverse transform method,
i
every service time at server i will have a delay Δμ
μi s, where s is the random service time originally generated. During a period Tl  1, the total
i
amount of service time delay at state n is Tl π(n) Δμ
μi , where π(n) is the
steady-state probability that the system is at n. Since the eﬀect of a unit
delay at (n, i) is quantiﬁed by c(f ) (n, i), the total eﬀect of −Δμi on the
accumulated performance FTl is
ΔFTl =
n∈S

Δμi
Tl π(n)c(f ) (n, i).
μi

(7.10)

Dividing −Δμi l on both sides and letting l → ∞ and Δ → 0, we derive the
following performance derivative equation
μi dηC
=−
ηI dμi

π(n)c(f ) (n, i).

(7.11)

n∈S

With (7.11), we can develop the gradient-based optimization algorithm
to optimize the system parameters, such as the service rates, arrival rates, or
routing probabilities. The performance gradients can be directly estimated
from the sample path, or indirectly obtained by utilizing the estimates
of c(f ) (n, i)’s and (7.11). In fact, the traditional PA approach in queueing
systems can be viewed as an eﬃcient implementation of the above derivative
equation. Details can be found in the literature [6, 24, 30, 44, 45].
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7.2.2. Policy iteration
The gradient-based optimization suﬀers its intrinsic deﬁciencies, such as the
trapping into local optimum and the diﬃculty of selecting proper step-sizes.
Fortunately, in the recent studies we ﬁnd that the perturbation realization
factors contain not only the derivative sensitivity information, but also the
diﬀerence sensitivity information. For the optimization of service rates in a
closed Jackson network, the following diﬀerence equation is derived by [44]
when only one particular service rate μi,n is changed to μi,n .


−Δμi,n (f )

ηC
− ηC = ηI π  (n)
c (n, i) + h(n) ,
(7.12)
μi,n
where h(n) := f  (n) − f (n), ηI , π  (n), and f  (n) are the corresponding
parameters of the perturbed system with new service rate μi,n . For the
service rate control problem, we can further write f  (n) = f (n, μn ), where
μn := (μ1,n , . . . , μi,n , . . . , μM,n ) in this scenario.

When the service rates of server i at all states n are changed from μi,n
to μi,n , n ∈ S, the diﬀerence equation of ηC is obtained similarly as below.


−Δμi,n (f )

− ηC = ηI
π  (n)
c (n, i) + h(n) .
(7.13)
ηC
μi,n
n∈S

Furthermore, when the service rates of all servers i at all states n are
changed from μi,n to μi,n , i = 1, 2, . . . , M , n ∈ S, the diﬀerence equation
is derived as follows by combining (7.8).


M
μi,n (f )




ηC − ηC = ηI
π (n) f (n, μn ) −
c (n, i) ,
(7.14)
μ
i=1 i,n
n∈S

μn


(μ1,n , μ2,n , . . . , μM,n )

:=
in this scenario.
where
From (7.14), we can easily derive the optimality (HJB) equation
for the service rate control problem: A set of service rates μ∗n =
(μ∗1,n , μ∗2,n , . . . , μ∗M,n ), n ∈ S, is optimal (for the minimization problem)
if and only if it satisﬁes the optimality (HJB) equation
M

f (n, 
μn ) −
i=1

μi,n (f )
c (n, i)∗ ≥ 0,
μ∗i,n

∀ μn , n,

(7.15)

where c(f ) (n, i)∗ is the perturbation realization factors corresponding to the
μ∗n , n ∈ S} and the policy space is denoted as Ψ := {all L}.
policy L∗ := {
The correctness of (7.15) is straightforward based on (7.14) since π  (n) and
ηI are always positive.
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Based on the diﬀerence equation (7.14) and the optimality equation
(7.15), we have the following policy iteration algorithm for minimizing the
customer-average performance of queueing systems.
Algorithm 1. Policy iteration algorithm for the optimization of customeraverage performance of state-dependent closed Jackson networks.
(1) Initialization: Choose an arbitrary policy L0 ∈ Ψ as the initial policy,
and set k = 0.
(2) Evaluation: At the kth iteration with the policy denoted as Lk =
{
μn , n ∈ S}, calculate or estimate the perturbation realization factors
c(f ) (n, i), i = 1, 2, . . . , M , n ∈ S, under policy Lk .
(3) Improvement: Choose the policy of the next (the (k + 1)th) iteration
μn , n ∈ S} with
as Lk+1 = {


M
μi,n (f )


c (n, i) , n ∈ S.
(7.16)
f (n, μn ) −
μn = arg min

μn

μ
i=1 i,n
If at a state n, 
μn already reaches the minimum of the above large
μn .
bracket, then set μ
 n = 
(4) Stopping Rule: If Lk+1 = Lk , stop; otherwise, set k := k + 1 and go to
step 2.
Compared with the gradient-based optimization, the policy iteration is
much more eﬃcient. During each iteration, the policy iteration always ﬁnds
a strictly better policy (usually it is much better). While the gradientbased optimization searches within a near neighboring space. Thus, the
policy iteration usually has a much faster convergence speed than that of
the gradient-based optimization. Moreover, the policy iteration converges
to the global optimum, while the gradient-based optimization is always
trapped into a local optimum. This is a prominent improvement compared
to the gradient-based optimization in the traditional PA theory.
As we see, (7.14) initiates a new approach of the performance optimization of queueing systems. Since (7.14) provides a very clear relation
between the performance and the parameters, it may solve some problems
which are diﬃcult for the traditional approaches of queueing theory. For
example, the service rate control problem is richly studied in the queueing
theory, but it is diﬃcult to solve in a complicated queueing network, such as
a closed Jackson network. This is because the traditional approach usually
uses the formulation of MDP. The associated optimality equation of this
MDP model is too complicated to do eﬀective analysis. However, based
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on (7.14), we easily derive the Max-Min optimality for this service rate
control problem. That is, when the cost function is convex with respect
to the service rate, the optimal service rate is either maximal or minimal.
This result is further more profound than those in the existing literature.
This progress beneﬁts from the diﬀerence equation (7.14). Details can be
referred to in [48].
In summary, the perturbation realization factor plays a key role to build
the performance derivative equation (7.11) and the performance diﬀerence
equation (7.14). It contains the information of not only the performance
derivative nearby the current policy, but also the performance diﬀerence
under other policies. The perturbation realization factor can be eﬃciently
estimated from a single sample path. Therefore, both the gradient-based
optimization and the policy iteration can be implemented based on a single
sample path, which makes the algorithms online implementable.
7.3. Performance Optimization of Markov Systems Based on
Performance Potentials
During the recent decades, rich studies have been conducted to further
extend the idea of PA theory from queueing systems to Markov systems
[9, 17, 21].
In the previous section, we see that the parameter changing is decomposed into a series of perturbations and the total eﬀect equals a weighted
sum of perturbation realization factors. This idea is similarly applied to
the Markov system, where we use the performance potential as the building
blocks and the performance derivative and diﬀerence equation are derived
thereafter. This gives a new perspective to study the performance optimization of Markov systems, besides the classical MDP theory. Below,
we use a discrete time Markov chain to brieﬂy introduce this theory (it
has also been extended to continuous time Markov processes, multi-chain
Markov systems, semi-Markov processes, etc. [8, 17, 49]). More detailed
introduction and review can be referred to the literature [11, 12].
7.3.1. Performance gradients and potentials
Consider an ergodic discrete-time Markov chain X = {X0 , X1 , X2 , . . . },
where Xl is the system state at time l, l = 0, 1, 2, . . . . The system space is
ﬁnite and denoted as S = {1, 2, . . . , S}, where S is the size of the state space.
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S

The transition probability is denoted as P = [p(j|i)]i,j=1 . The steadystate distribution is denoted as a row vector π = (π(1), π(2), . . . , π(S)).
Obviously, we have P e = e and πP = π, where e is an S-dimensional column
vector whose elements are all 1. The cost function is denoted as a column
vector f = (f (1), f (2), . . . , f (S))T . The long-run average performance of
the Markov system is denoted as η and we have
S

η = E{f (Xl )} =

π(i)f (i) = πf
i=1

1
L→∞ L

L−1

= lim

f (Xl ) = lim
l=0

L→∞

FL
,
L

(7.17)

where E denotes the expectation over steady-state distribution and FL :=
L−1
l=0 f (Xl ). At each state i, we have to choose an action a from the action
space A. Diﬀerent action a determines diﬀerent state transition probability
pa (j|i), i, j ∈ S and a ∈ A. A policy d is a mapping from the state space
S to the action space A. That is, d : S → A. The policy space is denoted
as D and here we consider only the deterministic and stationary policies.
Since the policy d determines both the transition probability matrix P and
the cost function f , for simplicity, we also use (P, f ) to represent a policy in
Markov systems in some situations. The optimization problem is to choose
a proper (P, f ) to make the corresponding η optimal.
Similar to the parameter perturbation discussed in the previous section,
we consider that the transition probability matrix P of Markov systems has
perturbations. We assume that the states Xl are observable, l = 0, 1, . . . .
For simplicity, we assume the cost function f is irrelevant to the policy d.
Diﬀerent policy has diﬀerent P . We also use P to represent the policy of
Markov systems. We want to obtain the performance gradients around the
current policy in the policy space by analyzing the system’s behavior under
this policy P .
In the policy space, along the direction from P to P  , we consider a
randomized policy P δ : at state i the system transits according to p (j|i),
i, j ∈ S, with probability δ, and transits according to p(j|i), i, j ∈ S,
with probability 1 − δ. That is, the transition probability matrix of the
randomized policy is P δ = (1 − δ)P + δP  , where 0 ≤ δ ≤ 1. Policy P and
P  can be any two policies in the policy space. Let π δ and η δ be the steadystate probability and the long-run average performance associated with P δ .
The performance derivative at policy P along the direction ΔP := P  − P
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(from P to P  ) is
dη δ 
ηδ − η
.
= lim

dδ δ=0 δ→0 δ

(7.18)

Diﬀerent P  ’s represent diﬀerent directional derivatives in the policy space.
1. This slight
Consider the policy P is slightly changed to P δ , δ
change in P will generate a series of perturbations on the sample path
under P . Diﬀerent from the perturbation (small delay of service time) in
the queueing system, the perturbation in the Markov system is a “jump”
from one state i to another state j, i, j ∈ S. That is, at time l, suppose
the Markov chains with P and P δ are both at state k, k ∈ S; at time l + 1,
the original Markov chain with P may transit to state Xl+1 = i; however,
because of the slight change in the transition probability p(·|k), the Markov

= j. Thus, there is a state “jump”
chain with P δ may transit to state Xl+1
from i to j if we compare these two sample paths. The long-term eﬀect of
such a state “jump” from i to j on the accumulated performance FL can
be quantiﬁed by perturbation realization factor γ(i, j), which is deﬁned as

∞


[f (Xl ) − f (Xl )]X0 = j, X0 = i ,
(7.19)
γ(i, j) := E
l=0

Xl

is the perturbed sample path with initial state j. Xl and Xl can
where
be viewed as two replications of a stochastic process with diﬀerent initial
states. Please note, γ(i, j) in Markov systems is diﬀerent from cf (n, i) in
queueing systems, although they are both called perturbation realization
factors. Actually, these two kinds of perturbation realization factors have
a relation as follows [42].
M

c(f ) (n, i) − c(n, i)η = 1ni >0 μi,n

qij γ(n−i,+j , n),

(7.20)

j=1

where c(n, i) is called perturbation realization probability and it is a special
case of c(f ) (n, i) with f (n) ≡ 1 for all n.
The perturbation realization factor γ(i, j) can be further written as
below.
γ(i, j) = g(j) − g(i),

∀i, j ∈ S,

(7.21)

where g(i), i ∈ S, is called performance potential. Performance potential g(i) quantiﬁes the long-term contribution of initial state i to the
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accumulated performance and it is deﬁned as

∞


[f (Xl ) − η]X0 = i .
g(i) := E

(7.22)

l=0

Performance potential is a fundamental quantity in Markov systems
since it can compose the perturbation realization factor γ(i, j). Decomposing the ﬁrst step of the summation in (7.22), we can derive the following
Poisson equation in a matrix form
(I − P )g + ηe = f,

(7.23)

where g = (g(1), g(2), . . . , g(S))T is the potential vector.
From the deﬁnition of g(i) in (7.22), we can see that the eﬀect of a
jump from state i to j on the long-run accumulated performance FL can
be measured by γ(i, j) = g(j) − g(i). Finally, the eﬀect of a small (inﬁnitesimal) change in a Markov chain’s transition probability matrix (from
P to P δ ) on the long-run accumulated performance FL can be decomposed
into the sum of the eﬀects of all the single perturbations (jumps on a sample path) induced by the change in the transition probability matrix. With
these principles, we can intuitively derive the equations for the performance
derivative along any direction ΔP (from P to any P  ) as follows: During
a long enough period L  1, the period that the system stays at state i
is π(i)L; When the system is at state i, the probability that the sample
path has a state jump from i to j caused by P δ is pδ (j|i) − p(j|i); The
number of state jumps from i to j is π(i)L[pδ (j|i) − p(j|i)]; The eﬀect of
each state jump from i to j is measured by γ(i, j); The total eﬀect of all of
these perturbations is summated as
FLδ − FL =

[pδ (j|i) − p(j|i)]γ(i, j)

π(i)L
i∈S

=δ

j∈S

[p (j|i) − p(j|i)]g(j).

π(i)L
i∈S

(7.24)

j∈S

Dividing L on both sides of the above equation and combining (7.18), we
have the following performance derivative equation
dη δ 
= π(P  − P )g = πΔP g.
(7.25)

dδ δ=0
This equation can be also easily derived from the Poisson equation, as
we will see later. However, the PA principles provide a clear and intuitive
explanation for the performance potential and the derivative equation, and
it can be easily extended to other non-standard problems for which the
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Poisson equation may not exist. For a more rigorous analysis to construct
this derivative equation (7.25), see the literature [12].
7.3.2. Policy iteration and HJB equation
Besides the performance derivative equation (7.25), we also obtain the difference equation in Markov systems, which is similar to (7.14) in queueing
systems. The derivation of diﬀerence equation can also be constructed by
analyzing a series of perturbations on the sample paths [10], similar to the
analysis process of (7.25). However, for the purpose of rigorous analysis
and providing another perspective, we theoretically derive the diﬀerence
equation based on the Poisson equation as follows.
Suppose the policy of a Markov system is changed from (P, f ) to (P  , f  ).
The steady-state distribution of the perturbed system with (P  , f  ) is denoted as π  and the corresponding system performance is η  = π  f  . Multiplying both sides of (7.23) with π  and after some transformations, we
derive the performance diﬀerence equation as follows.
η  − η = π  [(P  − P )g + (f  − f )] = π  (ΔP g + h),

(7.26)

where ΔP = P  − P and h = f  − f . With (7.26), we can directly compare
the performance diﬀerence of any two policies based only on the information
of the current policy. This is the key idea of the direct-comparison based
approach. The policy iteration directly follows as below. Based on the
sample path of the current policy, we calculate or estimate the value of
g of the current system. We choose a proper (P  , f  ) which makes every
element of the column vector P  g+f  minimal component-wisely. Since π  is
always positive for ergodic systems, we directly have η  ≤ η and the system
performance is improved for the minimization problem. Repeating this
process, we can ﬁnd the optimal policy within a ﬁnite number of iterations.
This is the basic idea of policy iteration in Markov systems. Moreover,
based on (7.26), we can directly derive the optimality (HJB) equation for
Markov systems as follows.
P g∗ + f

P ∗g∗ + f ∗,

∀P, f,

(7.27)

where is ≥ component-wisely and g ∗ is the performance potential under
the optimal policy (P ∗ , f ∗ ).
The detailed algorithm of policy iteration can be referred to in [12, 39].
With (7.26), it is very easy to obtain the performance derivative equation.
For the situation where the cost function is changed under diﬀerent policies,
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the performance derivative equation (7.25) is further extended as
dη δ
= π(ΔP g + h).
dδ

(7.28)

With the performance derivative, the policy-gradient based approach can be
developed for the continuous parameters optimization problem of Markov
systems [12, 36].
In summary, the performance potential plays a key role in the direct
comparison theory of Markov systems. The eﬀect of a change in the policy
applied to a Markov system can be intuitively decomposed into a series
of state “jumps” and the eﬀects of these state “jumps” can be quantiﬁed
with the performance potentials. This analysis with perturbation decompositions is similar to that in the PA theory of queueing systems. With
performance potentials as building blocks, we can construct the performance diﬀerence equation and the performance derivative equation. With
the diﬀerence equation, the policy iteration algorithm is proposed. With
the derivative equation, the policy-gradient based algorithm is proposed.
The direct-comparison based approach provides a new perspective to study
the performance optimization of Markov systems, besides the dynamic programming of the classic MDP theory. It is possible to develop other new
approaches to handle the emerging problems which are diﬃcult for the classical MDP theory, such as the event-based optimization. This is what we
will discuss in the next section.

7.4. Beyond Dynamic Programming
In this section, we will ﬁrst introduce some problems solved by the directcomparison based approach in Markov systems, while these problems are
diﬃcult for the traditional dynamic programming method. These problems include the N -bias optimization problem and the sample-path variance
minimization problem in MDP. Next we will introduce a new optimization
framework called event-based optimization. Then we will introduce some
new results in the ﬁnancial engineering. The last two problems are solved
by following the similar idea of the direct-comparison based approach in
Markov systems. It is infeasible to use the dynamic programming to solve
these two problems.
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7.4.1. New results based on direct comparison
In this subsection, we introduce some new results based on the directcomparison approach. These results are derived naturally and intuitively
from the diﬀerence equation. They were not obtained by using the traditional dynamic programming, probably because applying dynamic programming to long-run average performance usually requires discounting
with discounting factor approaching zero; this may loss intuitive insights.
7.4.1.1. N-bias optimality in MDP
Consider a discrete-time multichain Markov chain X = {X0 , X1 , . . . },
where Xl is the system state at time l. The notations are the same as
those in Section 7.3. The transition probability matrix under policy d is
denoted as P d and the associated cost function is denoted as f d . The average performance under policy d is denoted as a column vector g0d with the
component as
1
g0d (i) = lim E
L→∞ L

L−1




f (Xl , d(Xl ))X0 = i ,

i ∈ S.

(7.29)

l=0

From the above equation, we see that the average performance g0d (i) is
relevant to the initial state i since X is a multichain.
We denote (P d )∗ as the Cesaro limit of the transition probability matrix
d
P , that is,
1
L→∞ L

L−1

(P d )∗ := lim

(P d )l .

(7.30)

l=0

The bias under policy d is denoted as a column vector g1d with the
component as

g1d (i)

L

[f (Xl , d(Xl )) −

= lim E
L→∞




g0d (i)]X0


=i ,

i ∈ S.

(7.31)

l=0

From the above equation, we see that the bias g1d (i) quantiﬁes the contribution of initial state i on the accumulated performance and g1d (i) is
equivalent to the performance potential g(i) in (7.22) when the Markov
chain is a unichain.

April 29, 2013

16:24

World Scientific Review Volume - 9in x 6in

chapter7

L. Xia and X.-R. Cao

144

Furthermore, we deﬁne the (n + 1)th bias under policy d as a column
vector with components
∞



d
d
d ∗ d
{gn (Xl ) − [(P ) gn ](i)}X0 = i , i ∈ S, (7.32)
gn+1 (i) = −E
l=0

(P d )∗ gnd

where
is the steady-state value of the nth bias, i ∈ S, and n ≥ 1.
With the above nth biases, we further deﬁne the nth-bias optimality,
n ≥ 0. The optimal nth bias is denoted as
gn∗ (i) := min gnd (i),
d∈Dn−1

i ∈ S,

(7.33)

d
∗
= gn−1
} is the set of all (n − 1)th-bias
where Dn−1 := {d ∈ Dn−2 : gn−1
optimal policies and D−1 := D is the original policy space. Therefore, if
d ∈ Dn−1 , then gkd = gk∗ for all k = 0, 1, . . . , n − 1. A policy d∗ ∈ Dn−1 is
called nth-bias optimal if it satisﬁes
∗

gnd (i) = gn∗ (i),

i ∈ S.

(7.34)

Therefore, the nth-bias optimization problem is to ﬁnd the nth-bias
optimal policy, n = 0, 1, . . . . When n = 0, it is equivalent to the classical MDP with the long-run average performance criterion. The classical
MDP theory handles the average and bias optimality, but no work have
been done for the nth-bias optimality. This is because the classical MDP
theory usually has to utilize the n-discount optimality (with the discount
approaching to 1) and it would be complicated to analyse. As we will show
later, we can derive the performance diﬀerence equation for the nth-bias
optimality, similar to the idea of the direct-comparison based approach in
Markov systems. Based on the diﬀerence equations, it is very natural and
direct to derive the policy iteration for the nth-bias optimality and the optimality equation. This beneﬁts from the advantage of diﬀerence equation
which directly compares the performance diﬀerence under any two policies.
More details can be found in the literature [16, 49].
Similar to the diﬀerence equation (7.26), we can derive the diﬀerence
equation of the nth biases under any two policies d and b, d, b ∈ Dn−1 .
When n = 0, the nth bias is the performance average and we derive the
following diﬀerence equation
g0b − g0d = (P b )∗ [(f b + P b g1d ) − (f d + P d g1d )] + [(P b )∗ − I]g0d .

(7.35)

When the Markov system is a unichain, the above equation is exactly the
same as (7.26).
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When n = 1 and g0b = g0d , we consider the bias optimality of MDP and
the diﬀerence equation of the bias is as follows.
g1b − g1d = [I − P b + (P b )∗ ]−1 [(f b + P b g1d ) − (f d + P d g1d )] + (P b )∗ (P b − P d)g2d .
(7.36)
b
d
When n > 1 and gn−1 = gn−1 , the diﬀerence equation of the nth-biases
under policy b and d is as follows.
d
. (7.37)
gnb − gnd = [I − P b + (P b )∗ ]−1 (P b − P d )gnd + (P b )∗ (P b − P d )gn+1

Therefore, we obtain the diﬀerence equation of the nth biases, n =
0, 1, . . . . These equations above are more complicated than (7.26) because
here we consider the multichain Markov system. The performance of multichain is a vector, while the performance of unichain is a scalar. It is not
straightforward for the classical MDP theory to handle these nth-bias optimality problems [39, 41]. Based on the diﬀerence equations (7.35), (7.36),
and (7.37), we can directly derive the policy iteration for the nth-bias optimality. The basic idea is similar to those in Section 7.3. Here we only give
a very brief discussion.
We use n = 1 as an example to discuss the policy iteration to ﬁnd the
nth-bias optimal policy. Suppose the current policy d is average optimal.
We can choose a new policy b from the set of the average optimal policy
D0 , which satisﬁes the following conditions. First, we have to guarantee
f b + P b g1d ≤ f d + P d g1d component-wisely. Second, we have to guarantee
(P b g2d )(i) ≤ (P d g2d )(i) when f b (i) + (P b g1d )(i) = f d (i) + (P d g1d )(i) for some
i ∈ S. With these conditions and the structure of (P b )∗ , we can directly
have g1b ≤ g1d based on (7.36). Thus, the bias of the system is improved.
Repeating this process, we can ﬁnd the bias optimal policy ﬁnally. The
scenario for a general nth-bias optimality is similar and the details can be
referred to in [16, 49].
7.4.1.2. Optimization of sample-path variance in MDP
In the classical MDP theory, we often discuss the optimization under the
long-run average performance criterion. However, in many practical systems, such as the controller design in automatic control or the portfolio
management in ﬁnance, the variability of the system performance is also an
important metric. When the long-run average performance already attains
optimum, how to choose a policy with a minimal variance is an interesting problem. More specially, the variance considered here is the limiting
average variance along the sample path, we call it sample-path variance
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which is diﬀerent from the traditional deﬁnition of variance of a stochastic
process [33].
The sample-path variance is diﬃcult to handle because it is the time
average of the square of the total costs deviating from the average cost. In
an ergodic Markov chain, denote D0 as the set of optimal policies under
the long-run average criterion. Under a policy d ∈ D0 , the sample-path
variance is deﬁned as
⎫
⎧
2
⎬
⎨ L−1
1
d
:= lim E
(f d (Xl ) − η ∗ )
σsp
,
(7.38)
L→∞ L
⎭
⎩
l=0

where η ∗ is the optimal long-run average performance. The sample-path
variance minimization problem is to ﬁnd the optimal policy d∗ ∈ D0 , which
d∗
minimal, that is
makes σsp
d
d∗ = arg min σsp
.

(7.39)

d∈D0

Similar to the basic idea of the direct-comparison based approach in
Markov systems, we can derive the following diﬀerence equation of the
sample-path variances under any two policies d and b, with d, b ∈ D0 [33]
b
d
d
b
d
σsp
− σsp
= π b (P b − P d )gsp
+ (fsp
− fsp
) ,

(7.40)

d
d
where fsp
and gsp
are the performance function and the sample-path varid
d
and gsp
are special and deﬁned
ance potential, respectively. The forms of fsp
as follows.
d
(i) := 2[f d (i) − η ∗ ]g d (i) − [f d (i) − η ∗ ]2 ,
fsp

∀i ∈ S,

(7.41)

where g d (i) is the performance potential under the long-run average performance criterion and its deﬁnition is (7.22).
d
is deﬁned with the performance
The sample-path variance potential gsp
d
function fsp as below.
 L



d
d
d
(i) := lim E
[fsp
(Xl ) − π d fsp
]X0 = i , ∀i ∈ S.
(7.42)
gsp
L→∞

d
π d fsp

l=0

d
= σsp
[37].
It is proved that
With (7.40), it is easy to do the performance analysis for the samplepath variance minimization problem. Some conclusions, such as the direct
comparison and the suﬃcient condition of the optimal policy, naturally
follow. This gives valuable inspirations to handle such problems and more
details can be referred to in [33].
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7.4.2. Event-based optimization
In a standard MDP, the decision maker has to select the action at every
state. We can call it state-based control. However, in many practical
systems, the control decisions are made only when certain events happen.
We call it event-based control. Since the sequence of events usually does
not have a Markov property, how to optimize such kind of problems is
a new challenge and it does not ﬁt the optimization framework of MDP
theory. In this subsection, we discuss a new optimization framework called
event-based optimization to solve this kind of problems.
In the work of [11, 12, 15, 34, 47], the event-based optimization is studied
with a sensitivity-based approach, which can be viewed as a consequence of
Section 7.3. In this approach, the performance optimization is based on the
diﬀerence equation and the derivative equation. The policy iteration and
the gradient-based optimization follow directly along these two sensitivity
equations. These approaches may be applied to cases where the dynamic
programming fails to work. Below, we ﬁrst introduce the mathematical
formulation of the event-based optimization. Then we will brieﬂy introduce
the theory of event-based optimization based on direct comparison.
Consider a discrete time Markov chain X = {X0 , X1 , . . . }, where Xl is
the system state at time l, l = 0, 1, . . . . The notations of the basic elements
of X are the same as those in Section 7.3. An event e is deﬁned as a
set of state transitions which possess certain common properties. That is,
e := { i, j : i, j ∈ S and i, j has common properties}, where i, j denotes
the state transition from i to j. All of the events which can trigger control
compose the event space E. Assume the event space is ﬁnite and the total
number of types of events is V . We deﬁne E := {eφ , e1 , e2 , . . . , eV }, where
eφ indicates the “no action” event which means when it occurs, no action
is taken. The input state of event e, e ∈ E, is deﬁned as I(e) := {all i ∈ S :
i, j ∈ e for some j}. The output state of event e at input state i is deﬁned
as Oi (e) := {all j ∈ S : i, j ∈ e}. From the deﬁnition of event e, we see
that the event includes more information than the system state. The event
includes not only the current state, but also the next state. With an event,
we may have some information about the future dynamics of the system.
For example, if an event e happens, we know that the current state must
be in the set I(e) and the next state must be in the set Oi (e), i ∈ I(e).
The formulation of events can capture some structure information of the
problem.
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When an event happens, we have to take actions. The action space
is assumed ﬁnite and it is denoted as A. At event e, when an action a
is adopted, the state transition probability is denoted as pa (j|i, e), where
a ∈ A, i, j ∈ S, and e ∈ E. Here we consider the event-based policy d
and assume d is Markovian and deterministic. That is, d is a mapping
from the event space E to the action space A and d : E → A. At time l,
we have to determine the policy dl , l = 0, 1, . . . . We further assume the
policy is stationary, that is dl ≡ d for all l. Therefore, we only consider
the stationary and deterministic policy and the all of the possible policies
compose the event-based policy space denoted as De . The cost function
under policy d is denoted as f d = [f d (i)]i∈S and the associated long-run
average performance is denoted as η d . The stead-state distribution under
policy d is denoted as π d and we have η d = π d f d . The goal of event-based
optimization is to ﬁnd the optimal event-based policy d which makes the
long-run average performance η d minimal, where d ∈ De . That is,

∗

d

d = arg min η = arg min lim E
d∈De L→∞

d∈De

1
L



L−1
d

f (Xl ) .

(7.43)

l=0

The framework of event-based optimization captures the structure of
event-triggered control in many practical systems. Moreover, in the practice, the event occurrence is much rarer that the state transitions and the
event space size is much less than the state space size, i.e., |E|
|S|. Therefore, the complexity of the event-based optimization is much less than that
of the standard MDP. Below, we introduce how to follow the direct comparison based approach in Section 7.3 to solve this event-based optimization
problem.
First, we study the performance diﬀerence equation of the event-based
optimization. Under policy d, the state transition probability of the Markov
system is denoted as pd (j|i, e), where i, j ∈ S, e ∈ E, d ∈ De , and i, j ∈ e.
With the law of total probability and the formula of conditional probability,
we have
V

V

V

pd (j|i, e)π d (i, e)
=
pd (j|i, e)π d (e|i),
d (i)
π
e=1
e=1
e=1
(7.44)
where π d (e|i) is the conditional probability that event e happens at the
current state i. Usually, this probability π d (e|i) is determined by the
pd (j|i) =

π(i, j, e)
=
π d (i)
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deﬁnition of the event and it is irrelevant to the policy d [12]. Therefore,
we rewrite (7.44) as below.
V

pd (j|i) =

pd (j|i, e)π(e|i).

(7.45)

e=1

With (7.45), we apply the diﬀerence equation (7.26) to this event-based
optimization. Consider two event-based policies d and b, d, b ∈ De . The
performance diﬀerence under these two policies is quantiﬁed by (7.26) as
follows.
η b − η d = π b [(P b − P d )g d + (f b − f d )]
 S V
S
π(e|i)[pb(e) (j|i, e) − pd(e) (j|i, e)]g d (j)

π b (i)

=

j=1 e=1

i=1



+[f b (i) − f d (i)]


S

S

V

π b (i, e)[pb(e) (j|i, e) − pd(e) (j|i, e)]g d (j)

=
j=1 e=1

i=1



+π (i)[f (i) − f (i)]
b

b

d



V

π b (e)

=
e=1

[pb(e) (j|i, e) − pd(e) (j|i, e)]g d (j)

π b (i|e)
i∈I(e)



+[f b (i) − f d (i)] ,

j∈Oi (e)

(7.46)

The diﬀerence equation (7.46) clearly describes how the system performance
is changed under any two event-based policies. We notice that (7.46) has
relation to π b (i|e) which is a probability of the system under the new policy
b. In order to choose a better policy b, it is computationally exhaustive
to enumerate π b (i|e) for all of the possible b. Fortunately, under some
conditions, we may overcome this diﬃculty. If the event-based optimization
problem satisﬁes the following property
π b (i|e) = π d (i|e),

∀ i ∈ I(e), e ∈ E, for any two policies b and d, (7.47)
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by substituting (7.47) into (7.46), we have the following diﬀerence equation
for the event-based optimization

V
ηb − ηd =

π b (e)
e=1

[pb(e) (j|i, e) − pd(e) (j|i, e)]g d (j)

π d (i|e)
i∈I(e)



j∈Oi (e)

+[f b (i) − f d (i)] .

(7.48)

As we know, π b (e) is always positive for ergodic systems although it is
diﬃcult to enumerate its value under all of the possible b. π d (i|e) and g d (j)
can be calculated or estimated based on the sample path under the current
policy d. With (7.48), if we choose


π d (i|e)
pa (j|i, e) + f (i, a) , ∀e ∈ E, (7.49)
b(e) := arg min
a∈A

i∈I(e)

j∈Oi (e)

then we have η b ≤ η d . With this update procedure, the performance of
the policy will be repeatedly improved until we ﬁnd the optimal policy d∗ .
This optimization procedure is similar to the policy iteration in the directcomparison based approach of Markov systems. The optimality equation of
the event-based optimization can be also derived similar to (7.27). There
are more studies about the implementation of the above optimization procedure in the event-based optimization, such as the online estimation of
π d (i|e), g d (i), and the Q-factor based optimization algorithms. For more
details, please refer to the literature [11, 12, 34, 47].
However, the optimality of the above procedure requires the condition
(7.47), which is satisﬁed in categories of problems [11, 40, 43, 46, 48]. That
is, the steady-state conditional distribution of state i given event e should
be irrelevant to the event-based policy d. When (7.47) does not hold, we
cannot guarantee that the above procedure can ﬁnd the optimal policy.
For such situation, we can develop the gradient-based optimization. With
(7.48), it is easy to derive the following derivative equation

V
∂η d
d
d
=
π (e)
π (i|e)
[pb(e) (j|i, e) − pd(e) (j|i, e)]g d (j)
∂δ
e=1
i∈I(e)
j∈Oi (e)

+[f b (i) − f d (i)] .

(7.50)

The above derivative equation does not require the condition (7.47). With
(7.50), we can estimate the performance derivative along a direction in the
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policy space (direction from policy d to policy b, b, d ∈ De ) and a local
optimum can be found by the followed gradient-based optimization.
In summary, the theory of event-based optimization provides an eﬃcient way to optimize the system performance where the control decision
is triggered by certain events. The event-based optimization inherits the
main idea of the direct-comparison based optimization of Markov systems.
By deriving the diﬀerence equation of event-based optimization, we can
develop the policy iteration to ﬁnd the optimal event-based policy. Similarly, we also derive the derivative equation and develop the gradient-based
optimization. The performance potential plays a fundamental role in the
above theory. The theory of event-based optimization may handle the problems which do not ﬁt the traditional optimization framework, such as the
dynamic programming. Therefore, this approach provides a new perspective of the optimization theory for stochastic systems beyond the dynamic
programming.
7.4.3. Financial engineering related
The idea of the PA theory can be applied to many ﬁelds. In the ﬁnancial
engineering, some new results are derived recently.
Portfolio management is an important research topic in the ﬁnancial
engineering. A portfolio consists of a number of assets, for example, the
bond assets and the stock assets, etc. The prices of the assets vary in the
market environment according to some patterns of stochastic processes.
The goal of portfolio management is to ﬁnd an optimal policy determining
the amount of all kinds of assets (buy or sell the assets) to make the total
wealths maximal.
One of the formulations of the portfolio management problem is to use
a partial observable Markov decision process (POMDP) [40]. Consider a
discrete time model of this problem. At the beginning, the amount of the
bond asset and the stock asset in the portfolio are xb0 and xs0 , respectively.
At time l, the price of the bond and the stock are denoted as pbl and psl ,
respectively, where l = 0, 1, . . . . We have a dynamic equation to quantify
the variation of the prices. For the price of the bond asset, we have
pbl+1 = f b (pbl , r),

(7.51)

where f b is a deterministic function and r is the risk free interest rate of
the market. For the price of the stock asset, we have
psl+1 = f s (psl , μ, Vl , Bl ),

(7.52)
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where f s is also a deterministic function, μ is the appreciation rate, Vl is
called the volatility at time l, and Bl is the value of a random walk at time
l. We formulate that Vl also follows a random walk. At each time l, we can
observe xbl , xsl , pbl , psl and we cannot observe Vl . We deﬁne the system state
as (pbl , psl , Vl ) and we see that the system state is partial observable. The
action is to determine the values of xbl and xsl at every time l. The goal is
to choose an optimal policy which maximizes the long-run average reward
rate, i.e.,


log(xbl pbl + xsl psl )
.
lim E
l→∞
l
For this problem, we can use the approach of the direct comparison to
conduct a complete analysis. The idea of the event-based optimization is
applied to this problem [40]. By properly deﬁning the event of this problem,
we formulate this problem with the event-based optimization framework.
Fortunately, the condition (7.47) for the optimality of event-based optimization is satisﬁed in this problem. The correctness of (7.47) in this problem
is easy to understand based on the following fact, the change of an individual’s portfolio management policy does not aﬀect the entire market. That
is, in a complete market, the buy or sale behavior of an individual investor
has no notable eﬀect on the price of the assets. Thus, the price distribution of assets is irrelevant to the policy of an individual and the condition
(7.47) holds for this problem. Therefore, we can use similar approach to
ﬁnd the optimal policy of this portfolio management problem. Details can
be referred to [40]. Other study of stock portfolio optimization as a Markov
decision process can be referred to [20].
Another recent result about the portfolio management is the optimization with a distorted performance criterion, which is also based on the PA
theory [14]. In the portfolio management, we use an utility function to
measure the investor’s “satisfaction” to the return of the portfolio. Caused
by the human’s psychological characteristics, the behavior of the investor’s
“satisfaction” to diﬀerent returns of the portfolio is nonlinear. Such nonlinearity can be explained as the people’s preference to diﬀerent risks. Such
nonlinear behavior makes the utility function complicated and we call it
distorted performance function, since it can be modeled by distorting the
probability of events. With the distorted performance criterion, the standard optimization approach, such as the dynamic programming, fails to
work for this problem. This is because, if a policy is optimal for a distorted
performance starting from time t, this policy may be no longer optimal for
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the system starting from t , where t < t. This is caused by the nonlinearity
of the distorted performance function. Thus, the recursion for the optimal
policy in dynamic programming is not valid.
Fortunately, [14] ﬁnd the mono-linearity of the distorted performance
function. That is, the distorted performance function becomes locally linear if we properly change the underlying probability measure. Thus, the
derivative of the distorted performance can be estimated by the expectation of the sample-path based derivatives of the distorted performance.
Then, we can apply the PA theory to eﬃciently estimate the performance
derivative from the sample path. A gradient-based optimization approach
is developed to solve this portfolio management problem. For more details,
readers can refer to [14].
In summary, the PA theory provides a new and eﬃcient perspective to
study the portfolio management problem in the ﬁnancial engineering, especially when the standard optimization approaches fail to work. This also
demonstrates the broad applicability of the PA theory to various research
ﬁelds.
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