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Abstract—Pricing control is an important problem in ser-4
vice systems and it aims to control customer behaviors5
through an economic way, instead of administrative com-6
mands. In this paper, we study a dynamic pricing and ser-7
vice rate control problem in an open Jackson network with8
limited capacity. The goal is to determine the optimal admis-9
sion prices and the optimal service rates at every state such10
that the long-run average social welfare is maximized. The11
original problem is decomposed into a rate-setting problem12
plus a price-setting problem. To solve the rate-setting prob-13
lem, we derive a difference formula based on the sensitivity-14
based optimization theory. When the cost rate function is15
convex in service rates and the value rate function is con-16
cave in arrival rates, we decompose the rate-setting problem17
into a series of convex optimization subproblems. When the18
rate functions have linear structure, these subproblems are19
even simpler and a bang–bang control is optimal. For the20
price-setting problem, we determine the state-dependent21
prices so as to induce the optimal arrival rates obtained by22
the rate-setting problem. We propose a recursive algorithm23
to numerically compute the conditional expected delays at24
every state. Finally, we conduct numerical experiments to25
explore the optimality properties and some useful insights26
for this dynamic pricing control problem.27

Index Terms—Admission control, pricing control, queue-28
ing networks, sensitivity-based optimization, service rate29
control.30

I. INTRODUCTION31

PRICING control is an important way to affect customer32

behaviors in service systems. Adjusting the price dynami-33

cally has been widely adopted in many business activities. For34

instance, in power industry, a higher price is charged on users35

during the peak of electricity consumption in daytime, whereas36

the price drops along with the decrease in the amount of electric-37

ity consumption at night. An Internet service provider charges38
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users a floating fee depending on the current number of users. 39

Other examples widely exist in the pricing of airline tickets, 40

congestion tolls, etc. [1], [2]. In addition to dynamic pricing, 41

allocating service resources dynamically is also widely adopted 42

by service operators, with the merit of keeping the expenditure 43

relatively low while meeting the demand of customers. 44

In the literature on queueing theory, there are extensive works 45

concerning the pricing and service rate control. The detailed re- 46

search review on pricing control for queueing models can be 47

referred to [3]. Some pioneering works consider the static pric- 48

ing scheme with the objective of maximizing social welfare or 49

revenue of the system in an M/M/1 queue [4]. With the obvious 50

advantages provided by the dynamic pricing strategy, dynamic 51

pricing has gained more and more research attention [5]. Ata and 52

Shneorson [6] and Low [7] use dynamic programming to study 53

optimal state-dependent prices in an M/M/1 and in an M/M/s 54

queue, respectively. When it comes to queueing networks, it is 55

difficult to apply the classical dynamic programming approach 56

due to the high dimensionality of resulting optimization prob- 57

lems. Adelman [8] uses the approximate dynamic program- 58

ming to study the near-optimal state-dependent pricing policy 59

in a closed logistics queueing network. Banerjee et al. [9] em- 60

ploy a large-scale market limit to study the static pricing and 61

threshold dynamic pricing problem in a two-sided ride-sharing 62

platform that operates over a network of regions. They find that 63

even though the performance under any dynamic pricing policy 64

cannot exceed that under the optimal static pricing policy, the 65

dynamic pricing is much more robust to fluctuations in system 66

parameters compared to the static pricing. Masuda and Whang 67

[10] study the dynamic pricing scheme based on actual or esti- 68

mated arrival rates due to lack of demand information in a data 69

communication network. So far, the problem of optimal state- 70

dependent pricing has not been completely solved for queueing 71

networks in the literature. 72

The second line of related research focuses on the dynamic 73

service rate control in queueing systems. There is a series of 74

works studying the structure of optimal service rates with the 75

objective of minimal time-average cost. For single-server queue- 76

ing systems, the optimality of threshold type policy, such as 77

N -policy or D-policy, has been extensively studied [11], [12]. 78

For multiple-server queueing networks, such as cyclic queues or 79

tandem queues, the monotone structure of optimal service rates 80

is also studied [13], [14]. For complicated Jackson networks, 81

it is proved that when the cost function is linear in the service 82

rate, the optimal policy is of a bang–bang control form [15], 83

[16]. Recent work further extends the optimality of bang–bang 84
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control from linear case to concave case [17]. The optimal state-85

dependent and load-dependent service rates in closed Jackson86

networks have been solved in [18] and [19].87

Queueing networks are a useful model to study the system88

performance of ride-sharing or vehicle-sharing platforms [9],89

[20], [21], logistics networks [8], communication networks [2],90

[10], etc. Investigating the dynamic pricing and control problem91

in a queueing network is of great challenge since it is far more92

complex than solving that in a single-server queueing system. In93

this paper, we study an open Jackson network, where the service94

provider posts the admission price and the expected delay at each95

system state. Customers, who are delay-sensitive and rational96

decision makers, observe the posted information upon arrival97

and decide whether to enter the system based on their own net98

utility. The objective of the service provider is to find optimal99

state-dependent prices and service rates such that the long-run100

average social welfare is maximized. For the case where cus-101

tomers are heterogeneous in terms of service value, which is a102

classical model proposed by Mendelson [1], the marginal ser-103

vice value captures the relationship between the price and the104

effective arrival rate. Thus, the original problem can be decom-105

posed into a rate setting problem and a price setting problem,106

which is also the core idea of the decomposition technique used107

in this paper. We first solve the optimal state-dependent arrival108

and service rates via an iterative algorithm developed based on109

performance difference formulas, without consideration of the110

customer behaviors. Then, we utilize the optimal rates obtained111

above to solve the optimal state-dependent prices and expected112

delays that coordinate the system to achieve the same optimal-113

ity when the customer behaviors are considered. We develop a114

recursive algorithm to numerically compute the expected delay115

of customers throughout the network, at the condition that the116

system state is given upon customer arrivals.117

The contributions of this paper are threefold.118

1) We solve the dynamic pricing and service rate control119

problem for open Jackson networks. To our knowledge,120

the dynamic pricing and control problem with delay-121

sensitive and rational customers has not been studied for122

queueing networks, whereas most of the previous works123

focus on simple queueing models.124

2) We propose a recursive algorithm to compute the condi-125

tional expected delay in open Jackson networks, where126

arrival and service rates are both state-dependent. Such127

algorithm does not appear in the literature.128

3) We demonstrate that when the value rate function is con-129

cave in the arrival rate and the cost rate function is convex130

in the service rate, the optimal state-dependent arrival and131

service rates are solved by a series of convex optimiza-132

tion subproblems. Furthermore, if the rate functions have133

linear structures, these subproblems are more straight-134

forward: the optimal state-dependent arrival and service135

rates are either the maximum or the minimum of value136

domains and the optimal policy is of a bang–bang control137

form.138

The remainder of this paper is outlined as follows. In139

Section II, we give a mathematical formulation for the dy-140

namic pricing and control problem in queueing networks. In141

Fig. 1. Illustrative example of pricing control in a three-server Jackson
network.

Section III, we first prove that the original pricing problem is 142

equivalent to a rate setting problem plus a price setting prob- 143

lem. Then, we solve these problems separately. The optimality 144

properties and algorithms are also proposed in this section. In 145

Section IV, we conduct numerical experiments to demonstrate 146

the main results. Finally, we conclude this paper in Section V. 147

II. PROBLEM FORMULATION 148

Consider the dynamic pricing control in a service facility net- 149

work, which is illustrated in Fig. 1. The system is modeled as an 150

open Jackson network with M servers. The network has a finite 151

capacity N . Note that this capacity constraint can be loosened 152

since it is also a consequence of rational customer behaviors, 153

as we will discuss later in Remark 1. An open Jackson network 154

with a finite capacity is also known as a semiopen Jackson net- 155

work in which the external arrival process can be viewed as a 156

virtual server indexed as 0 [22]. Customers joining the network 157

are transferred among servers according to routing probabili- 158

ties: customers entering the network are allocated to server i 159

with probability q0i , i = 1, . . . ,M and
∑M

i=1 q0i = 1; after ser- 160

vice completion at server i, customers will transit to server j 161

with probability qij , i, j = 1, 2, . . . ,M ; customers leave the 162

network from server i with probability qi0 , i = 1, 2, . . . ,M . 163

In order to avoid an infinite loop of customers, we assume 164

(I − Q)−1 exists where Q is the M × M routing probability 165

matrix whose i-row j-column element is the routing probability 166

qij . We have
∑M

j=0 qij = 1 for i = 1, . . . ,M . Without loss of 167

generality, we assume qii = 0 for i = 0, . . . , M . The service 168

discipline is first come first serve. When a server is busy, newly 169

arriving customers will wait in the buffer of that server. The 170

buffer size is adequate. The number of customers at server i 171

(including both being served and waiting to be served) is de- 172

noted as ni , i = 1, . . . , M . The number of customers at server 173

0 is defined as n0 = N − ∑M
i=1 ni . The state of the network 174
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is denoted as n := (n1 , . . . , nM ). The state space is defined as175

S := {n :
∑M

i=1 ni ≤ N}, whose size is |S| =
(
M +N

N

)
, where176

|S| represents the cardinality of set S.177

The service time of server i at state n is exponentially dis-178

tributed with a state-dependent service rate μi,n chosen from179

value domain [0, U ]. The external customer arrival follows a180

Poisson process with a fixed rate Λ. Customers receiving ser-181

vice will gain a service value u that is a positive continuous182

random variable drawn from a given distribution F . We assume183

that u ∈ [u, u] and the associated probability density distribu-184

tion (p.d.f.) is denoted as f. We further assume that f(u) > 0185

for u ∈ [u, u]. Customers are delay sensitive: each customer ex-186

pends delay cost v for one unit of its sojourn time in the system.187

At each state n, the service provider posts an expected delay188

Dn and a price pn charged for service. Note that pn can be189

negative and it has a lower bound p, i.e., pn ≥ p. Customers190

upon arrival, observing the posted information, decide whether191

or not to enter the system based on their own expected net utility.192

The expected net utility equals the gained service value minus193

the charged price and the expected delay cost, which is written194

as follows:195

Rn = u − pn − v · Dn. (1)

We assume that every customer is a rational decision maker.196

That is, if Rn > 0, this customer will enter the system to request197

service. Otherwise, it will not enter the system. Therefore, we198

can further define the threshold service value ũn as follows:199

ũn := min {max {pn + v · Dn, u}, u}. (2)

At each state n, only customers with a service value larger than200

ũn will enter the system. The probability that customers enter201

the system at state n is 1 − F (ũn). Consequently, the effective202

arrival rate at state n is203

λn = Λ(1 − F (ũn)). (3)

Note that when pn ≤ u − v · Dn, ũn = u, and λn = Λ, i.e., all204

customers enter the system. Similarly, when pn ≥ u − v · Dn,205

ũn = u, and λn = 0, i.e., all customers balk.206

Let F−1(·) be the inverse function of the distribution function207

F . We define F−1(0) = u and F−1(1) = u, then the threshold208

service value ũn can also be written as follows:209

ũn = F−1
(

1 − λn

Λ

)

. (4)

Fig. 2 is an illustrative example in which the service value u210

obeys a uniform distribution in [u, u]. The customers whose211

service value drawn in the shaded area will enter the system to212

request service.213

Since only the customers with positive Rn at state n will214

enter the system, the service value generated by these admitted215

customers is a new random variable that obeys the p.d.f. f(x)
1−F (ũn)216

in the interval [ũn, u], where u ≤ ũn < u. Note that if ũn = u,217

no customer joins the system and service values generated by218

the system is zero. When u ≤ ũn < u, the system total service219

values generated per unit of time at state n can be written as220

Fig. 2. Uniform distribution of service values and its effective arrival
rate.

follows: 221

b(n) = λn

∫ u

ũn

x · f(x)
1 − F (ũn)

dx. (5)

To operate service at rate μi,n, the service provider has to 222

pay an operating cost c(μi,n) per unit of time. It is assumed 223

that c(μi,n) is convex and nondecreasing in μi,n, where μi,n ∈ 224

[0, U ]. Other than the operating cost, the system also incurs 225

a holding cost. The holding cost rate reflects the delay cost 226

caused by the waiting time of customers in one unit of time. 227

In this paper, we assume the holding cost rate as v · ∑M
i=1 ni , 228

where v is a given coefficient. The social welfare of the whole 229

system is defined as the service values of customers minus the 230

operating cost and the holding cost. Based on this definition, the 231

social welfare rate function at state n can be written as 232

f(n) = b(n) −
M∑

i=1

c(μi,n) − v ·
M∑

i=1

ni. (6)

We further denote f as a |S|-dimensional column vector com- 233

posed of element f(n), where n ∈ S. 234

Let nt indicate the system state at time t. The long-run aver- 235

age social welfare of the whole system can be written as 236

η = E{f(nt)} =
∑

n∈S
π(n) · f(n) = lim

T →∞
1
T

∫ T

0
f(nt)dt

(7)

where π(n) is the stationary probability of the system staying 237

at n and the last equality is valid for ergodic case. 238

Remark 1: Such a price controlled queueing network is al- 239

ways stable since the system has a capacity constraint N . If 240

N → ∞, the mechanism of rational customer behaviors has a 241

self-tuning effect that stabilizes the network: when the number 242

of customers ||n||1 is large enough, the expected delay Dn is 243

also large. Since the price pn has a lower bound p and v > 0, 244

if we have p + v · Dn > u, no more customer will enter the 245

network. The network dynamics behave as if it has a capacity 246

constraint and the network is always stable. 247

With the above-mentioned formulation, this dynamic pricing 248

and control problem can be stated as follows. 249
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Problem 0: The dynamic pricing and control problem is to250

choose optimal state-dependent prices and service rates such that251

the long-run average social welfare is maximal. Thus, Problem 0252

is denoted as253

P0 : max
p,µ

η(λ(p,μ),μ) (8)

where p := (pn : pn > p,n ∈ S), μ := (μi,n : μi,n ∈ [0, U ],254

i = 1, . . . , M,n ∈ S), and λ := (λn, λn ∈ [0,Λ],n ∈ S). The255

optimal average social welfare for P0 is denoted as η∗
P 0 .256

In (5), the service value rate function depends on the threshold257

service value ũn, which in turn depends on the price pn and258

the expected delay Dn. Expected delay Dn has a complicated259

connection with p and μ, which makes Problem 0 difficult260

to solve. Moreover, from (5) and (7), taking the expectation261

over the integral term in b(n) makes the problem even more262

complicated. Therefore, it is difficult to solve Problem 0 directly.263

Below, we resort to an alternative way to express the service264

value rate function. Given (4), we see that b can also be viewed as265

a function of λn. Therefore, we denote it as b(λn) for simplicity.266

Substituting (4) into (5), we have267

b(λn) = λn ·
∫ u

ũn

x · f(x)
1 − F (ũn)

dx

= Λ ·
∫ u

F −1 (1− λn
Λ )

x · f(x)dx. (9)

Taking the derivative with respect to λn, we have268

b′(λn) = −Λ · F−1
(

1 − λn

Λ

)

· f
(

F−1
(

1 − λn

Λ

))

· F−1 ′
(

1 − λn

Λ

)

·
(

− 1
Λ

)

= −Λ · F−1
(

1 − λn

Λ

)

·
(

F

(

F−1
(

1 − λn

Λ

)))′

= −Λ · F−1
(

1 − λn

Λ

)

·
(

1 − λn

Λ

)′

= F−1
(

1 − λn

Λ

)

. (10)

The physical meaning of b′(λn) is the marginal service value at269

state n, that is, the change in the aggregate service value rate of270

total customers induced by a unit of increase in the arrival rate271

λn. It is interesting to find that b′(λn) exactly matches threshold272

service value ũn defined in (4). Besides, since F−1(1 − λn

Λ ) ∈273

[u, u] > 0, b(λn) is increasing in λn ∈ [0,Λ]. Given that F (u)274

is continuous and monotone increasing in u ∈ [u, u], we have275

b′′(λn) = − 1
Λ

· 1
f(F−1(1 − λn

Λ ))
. (11)

Since b′′(λn) < 0, b(λn) is strictly concave in λn ∈ [0,Λ].276

Based on our discussion in Section II, the price pn that induces277

effective arrival rate λn can be computed by278

pn = F−1(1 − λn/Λ) − v · Dn. (12)

Note that for arrival rate λn = 0, the price that induces it can 279

be any value equal to or larger than u − v · Dn, and for arrival 280

rate λn = Λ, the price that induces it can be any value equal to 281

or smaller than u − v · Dn. 282

Equation (12) provides the intuitive way to solve Problem 0: 283

We can first solve the optimal effective arrival rates λ∗
n s and 284

service rates μ∗
i,n s that maximize the long-run average welfare, 285

then we can determine the corresponding optimal prices p∗n 286

s after λ∗
n s are obtained. Based on this idea, we decompose 287

Problem 0 into two problems, i.e., the rate-setting problem and 288

the price-setting problem. The complete statements of these two 289

problems are described as follows. 290

Problem 1: The rate-setting problem is to choose the optimal 291

state-dependent arrival and service rates that maximize the long- 292

run average welfare, without considering the customer behavior. 293

Here, the welfare rate function is defined as 294

f(n) = b(λn) −
M∑

i=1

c(μi,n) − v ·
M∑

i=1

ni. (13)

Problem 1 is denoted as 295

P1: max
λ,µ

η(λ,μ). (14)

The optimal average social welfare for P1 is denoted as η∗
P 1 . 296

Problem 2: The price-setting problem is to determine the 297

state-dependent prices such that the long-run average welfare 298

generated via the pricing strategy is equal to the one obtained in 299

the rate-setting problem. In this problem, the service rates are 300

the same as the optimal ones in Problem 1. Problem 2 is denoted 301

as 302

P2(λ,μ): {p : η(p,μ) = η(λ,μ)}. (15)

III. MAIN RESULTS 303

Before proceeding further, we need to prove that the dynamic 304

pricing and control problem is equivalent to the rate-setting 305

problem combined with the price-setting problem formulated 306

above. We have the following theorem to characterize the rela- 307

tion of the three problems P0, P1, and P2. 308

Theorem 1: For any optimal solution (λ∗,μ∗) to P1 and p∗ 309

to P2(λ∗,μ∗), (p∗,μ∗) is also the optimal solution to P0 and 310

η∗
P 0 = η∗

P 1 . 311

Proof: First, we prove that η∗
P 0 = η∗

P 1 . For any policy (λ,μ) 312

feasible for P1, the arrival rates λ can be induced by the prices 313

p given in (12), as can be seen by (2) and (4). We can see that 314

(p,μ) is always feasible for P0, so η∗
P 0 ≥ η∗

P 1 . On the other 315

hand, any (p,μ) feasible for P0 induces arrival rates λ given by 316

(3) that are also feasible for P1, so η∗
P 1 ≥ η∗

P 0 . Therefore, we 317

have η∗
P 0 = η∗

P 1 . 318

Second, we prove that (p∗,μ∗) is the optimal solution to 319

P0. Since (λ∗,μ∗) is the optimal solution to P1, we have 320

η(λ∗,μ∗) = η∗
P 1 . Since p∗ is the solution to P2(λ∗,μ∗), by 321

definition of P2, we have η(p∗,μ∗) = η(λ∗,μ∗). Therefore, we 322

have η(p∗,μ∗) = η∗
P 1 . As we have already proved η∗

P 0 = η∗
P 1 323

in the above paragraph, we have η(p∗,μ∗) = η∗
P 0 . Therefore, 324

from the definition of P0, we know that (p∗,μ∗) is the optimal 325

solution to P0. � 326
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A. Rate-Setting Problem327

In this subsection, we use the sensitivity-based optimization328

theory [23] to study Problem 1. For the Markov chain X :=329

{nt , t ≥ 0} formulated in Section II, its infinitesimal generator330

is denoted as a matrix B. The steady-state distribution is denoted331

as a row vector π whose element is π(n), n ∈ S. We have332

Be = 0, πB = 0, and πe = 1, where e is a |S|-dimensional333

column vector with all elements as 1.334

In Markov systems, the perturbation of a policy is reflected335

in the infinitesimal generator B and the reward function f . We336

denote B′, f ′, π′, and η′ as the infinitesimal generator, the337

reward function, the steady-state distribution, and the long-run338

average performance corresponding to a new policy (λ′,μ′),339

respectively. The difference of the system average performance340

caused by the perturbation of policies can be written as follows341

[23]:342

η′ − η = π′[(B′ − B)g + (f ′ − f)] (16)

where g is referred to as the performance potential of the343

Markov system under B and f . g is a |S|-dimensional column344

vector, whose definition can be found in (27).345

We denote the neighboring states of the system state n346

as n+i := (n1 , . . . , ni + 1, . . . , nM ), n−i := (n1 , . . . , ni − 1,347

. . . , nM ), and n−i,+j := (n1 , . . . , ni − 1, . . . , nj + 1, . . . ,348

nM ), where 1 ≤ i, j ≤ M . The elements of the infinitesimal349

generator B are given as follows [18]: B(n,n) = −In0 >0λn −350
∑M

i=1 μi,nIni >0 ; B(n,n+i) = In0 >0λnq0i , for i = 1, . . . ,M ;351

B(n,n−i,+j ) = Ini >0μi,nqij , for i = 1, . . . , M and j =352

0, . . . ,M , where Ini >0 is an indicator function and its value353

is 1 when ni > 0; B(n, :) = 0 for all the other cases. Note that354

we have B(n,n−i,+j ) = B(n,n−i) if j = 0.355

Suppose, there are two policies (λ,μ) and (λ′,μ′), where356

λ′ := (λ′
n, λ′

n ∈ [0,Λ],n ∈ S), and μ′ := (μ′
i,n, μ′

i,n ∈ [0, U ],357

i = 1, . . . , M,n ∈ S). Substituting the above-mentioned ex-358

pression of B and (13) into (16), we can derive the following359

difference formula when arrival rates change from λn to λ′
n,360

n ∈ S361

η′ − η =
∑

n∈S
π′(n)

{
(λ′

n − λn)
M∑

i=1

q0i [g(n+i)

− g(n)] + b(λ′
n) − b(λn)

}
. (17)

Similarly, we can also derive the performance difference re-362

sulting from the change of service rates from μi,n to μ′
i,n,363

i = 1, . . . , M and n ∈ S364

η′ − η =
∑

n∈S
π′(n)

{
M∑

i=1

(μ′
i,n − μi,n)

M∑

j=0

qij

[g(n−i,+j ) − g(n)] − [c(μ′
i,n) − c(μi,n)]

}

. (18)

Analyzing the performance difference formulas (17) and (18),365

we can derive the following theorem.366

Theorem 2: If we choose a policy (λ′,μ′) that satisfies 367

λ′
n

M∑

i=1

q0i [g(n+i) − g(n)] + b(λ′
n)

≥ λn

M∑

i=1

q0i [g(n+i) − g(n)] + b(λn) (19)

and 368

μ′
i,n

M∑

j=0

qij [g(n−i,+j ) − g(n)] − c(μ′
i,n)

≥ μi,n

M∑

j=0

qij [g(n−i,+j ) − g(n)] − c(μi,n) (20)

i = 1, . . . ,M , for all n ∈ S, then we have η′ ≥ η. If either the 369

inequality (19) or (20) strictly holds for at least a state n with 370

positive steady-state probability π′(n) under policy (λ′,μ′), 371

then we have η′ > η. 372

The above theorem is easy to obtain from the performance 373

difference formulas (17) and (18). We omit the proof for 374

simplicity. 375

Based on Theorem 2, we can further obtain a necessary and 376

sufficient condition for the optimal policy of Problem 1. 377

Theorem 3: A policy (λ,μ) is optimal if and only if 378

λn

M∑

i=1

q0i [g(n+i) − g(n)] + b(λn)

≥ λ′
n

M∑

i=1

q0i [g(n+i) − g(n)] + b(λ′
n) (21)

and 379

μi,n

M∑

j=0

qij [g(n−i,+j ) − g(n)] − c(μi,n)

≥ μ′
i,n

M∑

j=0

qij [g(n−i,+j ) − g(n)] − c(μ′
i,n) (22)

for all (λ′,μ′) and n ∈ S. 380

Proof: The sufficient condition: If a policy (λ,μ) satisfies 381

(21) and (22) for all (λ′,μ′), according to Theorem 2, η ≥ η′. 382

Thus, (λ,μ) is optimal. 383

The necessary condition: Suppose that (λ,μ) is the optimal 384

policy but it does not satisfy (21) and (22). So there exists at 385

least one policy, denoted by (λh ,μh), for which (21) or (22) 386

does not hold. In other words, there exists at least one state, 387

denoted as n′, such that 388

λn′

M∑

i=1

q0i [g(n′
+i) − g(n′)] + b(λn′)

< λh
n′

M∑

i=1

q0i [g(n′
+i) − g(n′)] + b(λh

n′) (23)
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or389

μi,n′

M∑

j=0

qij [g(n′
−i,+j ) − g(n′)] − c(μi,n′)

< μh
i,n′

M∑

j=0

qij [g(n′
−i,+j ) − g(n′)] − c(μh

i,n′) (24)

holds. So, we can build a new policy (λd ,μd), where λd
n′ =390

λh
n′ , μd

i,n′ = μh
i,n′ and for all n 	= n′, λd

n = λn, μd
i,n = μi,n.391

According to Theorem 2, the long-run average performance ηd392

under the policy (λd ,μd) has ηd > η. This contradicts with the393

assumption that (λ,μ) is the optimal policy. So if (λ,μ) is394

optimal, it satisfies (21) and (22). �395

With Theorems 2 and 3, we can establish a policy improve-396

ment step as the following subproblems:397

λ′
n = argmax

λn∈[0,Λ]

{
λn

M∑

i=1

q0i [g(n+i) − g(n)]

+ b(λn)
}

, n ∈ S (25)

μ′
i,n = argmax

μi , n∈[0,U ]

{
μi,n

M∑

j=0

qij [g(n−i,+j ) − g(n)]

− c(μi,n)
}

, i = 1, . . . ,M,n ∈ S (26)

where g(n) is defined as398

g(n) = lim
T →∞

E

{∫ T

0
[f(nt) − η]dt

∣
∣
∣
n0 =n

}

(27)

which can be computed by solving the following Poisson399

equation:400

(B − eπ)g = −f . (28)

According to Theorem 2, the updated arrival rate λ′
n (or service401

rate μ′
i,n) produces a performance that is greater or at least equal402

to the performance under the current arrival rate λn (or service403

rate μi,n).404

To solve (25) and (26), we have to know the structure of func-405

tions b(λn) and c(μi,n). Different function structures will affect406

the optimization complexity of (25) and (26), and determine the407

optimality property of optimal solution λ∗
n and μ∗

i,n. Below,408

we give some discussions according to the different forms of409

functions b(λn) and c(μi,n).410

Case 1: Given that the service value rate function b(λn)411

is strictly concave in the arrival rate λn and the operating412

cost rate function c(μi,n) is convex in the service rate μi,n,413

the expressions in the brackets of (25) and (26) are con-414

cave in λn and μi,n, respectively. As a result, the subprob-415

lems (25) and (26) are convex optimization problems and the416

new policy λ′
n and μ′

i,n can be obtained easily. For example,417

when F is a uniform distribution, as illustrated in Fig. 2, we418

have 419

F (u) =
u − u

u − u

f(u) =
1

u − u

, u ∈ [u, u] (29)

420

and the inverse function of F is 421

422

F−1(x) = (u − u)x + u, x ∈ [0, 1]. (30)

Substituting (29) and (30) into (9), we can obtain the service 423

value rate function as follows: 424

425

b(λn) = Λ ·
∫ u

u−(u−u) λn
Λ

x

u − u
dx

= Bλn − Cλ2
n (31)

where B = u and C = u−u
2Λ . If we assume c(μi,n) = Aμ2

i,n, 426

we can easily find that the updated new policy λ′
n and μ′

i,n are 427

given as follows: 428

429

λ′
n =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0, when
B + G0(n)

2C
< 0

B + G0(n)
2C

, when 0 ≤ B + G0(n)
2C

≤ Λ

Λ, when
B + G0(n)

2C
> Λ

(32)

μ′
i,n =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0, when
Gi(n)

2A
< 0

Gi(n)
2A

, when 0 ≤ Gi(n)
2A

≤ U

U, when
Gi(n)

2A
> U

(33)

where G0(n) :=
∑M

i=1 q0i [g(n+i) − g(n)] and Gi(n) := 430
∑M

j=0 qij [g(n−i,+j ) − g(n)]. 431

For another example, if the service value u obeys an 432

exponential distribution with mean ū, we can similarly 433

derive 434

b(λn) = Λ ·
∫ ∞

−ū ln( λn
Λ )

x · 1
ū

e−
x
ū dx

= ūλn

[

1 − ln
(

λn

Λ

)]

. (34)

Similar policy update formulas may also be derived. 435

Case 2: Now, we consider another case where cus- 436

tomers’ service value is identical, i.e., u is determinis- 437

tic. In this case, the service value rate function b(λn) is 438
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written as439

b(λn) = λn · u. (35)

If the cost rate function is also of linear form such as c(μi,n) =440

Aμi,n, (25) and (26) become linear functions as G0(n)λn +441

uλn and Gi(n)μi,n − Aμi,n, respectively. Thus, the updated442

arrival rate λ′
n and service rate μ′

i,n always have the following443

form:444

λ′
n =

{
Λ, when u + G0(n) > 0

0, when u + G0(n) < 0
(36)

μ′
i,n =

{
U, when Gi(n) − A > 0

0, when Gi(n) − A < 0.
(37)

So the optimal policy in the linear case is a bang–bang control:445

the optimal arrival rate λ∗
n and service rate μ∗

i,n can be found446

at the boundary of value domains, i.e., either the maximum or447

the minimum. This result is consistent with the previous results448

in the literature [15]–[17]. If the arrival rate or the service rate449

depend on the work load instead of the system state, i.e., they are450

denoted as λn0 and μi,ni
, respectively, the bang–bang control451

can be further simplified as a threshold policy: when n0 ≥ θ0 or452

ni ≥ θi , λ∗
n0

= Λ or μ∗
i,ni

= U ; otherwise, they should be zero,453

where θi s are thresholds. The similar result can be found in our454

previous studies [17], [24] and we omit the details in this paper455

due to limited space.456

Summarizing the above-mentioned discussions, we can de-457

velop an iterative algorithm to find the optimal policy (λ∗,μ∗)458

for this rate-setting problem, which is stated by Algorithm 1.459

Algorithm 1 is a policy iteration type algorithm for the long-460

run average performance in the MDP theory, which can also be461

derived from the Bellman optimality equation. The original op-462

timization problem is decomposed into a series of subproblems463

(38) and (39). When b(λn) and c(μi,n) are given, such as the464

form given in Case 1 or Case 2, these subproblems are easy to465

solve by using analytical methods.466

Similar to the classical policy iteration algorithms, we can467

prove the convergence of Algorithm 1 under proper conditions.468

The details are omitted for simplicity. Furthermore, Algorithm 1469

is also expected to have a fast convergence speed in most of470

cases. The computation of g(n) s is very fundamental to im-471

plement Algorithm 1 in practice, especially, when we consider472

the curse of dimensionality in large-scale scenarios [25], [26].473

How to extend our research to a large-scale scenario through474

approximation ways, such as neural networks, deserves further475

investigation.476

B. Price-Setting Problem477

After we obtain the optimal arrival rates λ∗
n and service478

rates μ∗
i,n for Problem 1, we have to solve Problem 2 to find479

the optimal prices that can induce the same effective arrival480

rates λ∗
n.481

Algorithm 1: An Iterative Algorithm to Find the Opti-
mal State-Dependent Arrival Rates and Service Rates for
Problem 1.

Initialization
• Arbitrarily choose an initial policy (λ0 ,μ0), set l = 0.

Policy Evaluation
• Under the current policy (λl ,μl), numerically compute

the performance potential gl based on (28).
Policy Improvement
• Generate a new policy as (λl+1 ,μl+1) = (λl+1

n , μl+1
i,n :

λl+1
n ∈ [0,Λ], μl+1

i,n ∈ [0, U ], i = 1 . . . ,M,n ∈ S):

λl+1
n = argmax

λn∈[0,Λ]

{

λn

M∑

i=1

q0i [gl(n+i) − gl(n)]

+ b(λn)

}

,n ∈ S (38)

μl+1
i,n = argmax

μi , n∈[0,U ]

{

μi,n

M∑

j=0

qij [gl(n−i,+j )

− gl(n)] − c(μi,n)

}

, i = 1, . . . ,M,n ∈ S.

(39)

To avoid policy oscillation, we choose λl+1
n = λl

n (or
μl+1

i,n = μl
i,n), if λl

n (or μl
i,n) can also achieve the

maximum in (38) (or (39)).
Stopping Rule
• If (λl+1 ,μl+1) 	= (λl ,μl), set l = l + 1 and go to step 2;
otherwise stop iteration.

According to (12), the optimal price p∗n under the optimal 482

policy (λ∗,μ∗) can be computed as follows: 483

p∗n = F−1
(

1 − λ∗
n

Λ

)

− v · D∗
n, n ∈ S. (40)

In (40), the distribution function F is given based on history 484

observations and λ∗
n is given by the optimal policy (λ∗,μ∗). 485

However, the value of the expected delay D∗
n is unknown. We 486

have to compute D∗
n before we apply (40) to compute the opti- 487

mal prices p∗n. Below, we give a recursive algorithm to compute 488

the expected delay D∗
n, given the system state n under the op- 489

timal policy (λ∗,μ∗). 490

The expected delay D∗
n can be viewed as a conditional expec- 491

tation of sojourn time that an admitted customer will experience 492

if it observes the system state as n before its entrance. There 493

does not exist any closed-form solution for D∗
n in the litera- 494

ture. It is difficult to directly compute the value of D∗
n. In this 495

paper, we first compute another quantity that is the expected 496

sojourn time of a customer who gets service from server i at 497

state n+i , i = 1, . . . ,M . This is because the admission of a 498

customer to the system at state n results in a state transition 499

from n to n+i . Then, we develop a recursive method to solve 500

the state-dependent expected sojourn time in semiopen Jackson 501
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networks. Denote Wn
i,k as the expected sojourn time of the kth502

customer at server i, given state n. We derive the following503

theorem that provides a numerical way to recursively compute504

the values of Wn
i,k , where i = 1, . . . ,M , k = 1, . . . , ni , and505

n ∈ S.506

Theorem 4: Under the optimal policy (λ∗,μ∗), the expected507

sojourn time Wn
i,k is the unique solution to the following set of508

linear equations:509

Wn
i,k =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0

+
M∑

m=1

λ∗
nIn0 >0q0m

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0
W

n+ m

i,k

+
M∑

m=1,m 	=i

M∑

j=0,j 	=m

μ∗
m,nInm >0qmj

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0

W
n−m , + j

i,k

+
M∑

m=1,m 	=i

μ∗
i,nIni >0qim

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0
W

n−i , + m

m,nm +1

if k = 1 (41a)

1

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0

+
M∑

m=1

λ∗
nIn0 >0q0m

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0
W

n+ m

i,k

+
M∑

m=1,m 	=i

M∑

j=0,j 	=m

μ∗
m,nInm >0qmj

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0

W
n−m , + j

i,k

+
M∑

m=0,m 	=i

μ∗
i,nIni >0qim

λ∗
nIn0 >0 +

∑M
j=1 μ∗

j,nInj >0
W

n−i , + m

i,k−1

if 2 ≤ k ≤ ni. (41b)

Note that we have W
n−m , + j

i,k = Wn−m

i,k if j = 0 in (41a) and510

(41b), and W
n−i , + m

i,k−1 = Wn−i

i,k−1 if m = 0 in (41b).511

Proof: The above recursive equations are derived based on512

the analysis of one-step state transition of the Markov process.513

By moving every term associated with Wn
i,k on one side and the514

term − 1
λ∗

nIn 0 > 0 +
∑ M

j = 1 μ∗
j , nIn j > 0

to the other side, we can rewrite515

the above linear equations in a matrix form AW = C. A is the516

coefficient matrix when everything is moved to the right side517

of (41a) and (41b). W is a column vector composed of Wn
i,k518

s, i = 1, . . . ,M, k = 1, . . . , ni ,n ∈ S. C is a column vector519

whose element is − 1
λ∗

nIn 0 > 0 +
∑ M

j = 1 μ∗
j , nIn j > 0

, if the element in520

the same position in W is Wn
i,k . When k = 1, for the corre-521

sponding row vector in A, the negative of diagonal element is522
μ∗

i , nIn i > 0 qi 0

λ∗
nIn 0 > 0 +

∑ M
j = 1 μ∗

j , nIn j > 0
bigger than the sum of all the remain-523

ing elements in the same row, the row is strictly diagonally dom-524

inant. When 2 ≤ k ≤ ni , for the corresponding row vector in A,525

the negative of diagonal element is equal to the sum of all the re-526

maining elements in the same row, the row is weakly diagonally527

dominant. For any weakly diagonally dominant row, we can find528

at least one walk in the directed graph of A from the weakly529

diagonally dominant row to a strictly diagonally dominant row. 530

So A is a weakly chained diagonally dominant matrix, such ma- 531

trix is nonsingular, according to the theorem in [27]. Thus, the 532

unique solution of this set of linear equations is guaranteed. � 533

The above theorem gives a recursive and numerical way to 534

compute the expected sojourn time of every customer in the 535

system at any given state. For determining the expected delay 536

of a customer arriving at state n, we only need the expected 537

sojourn time of the (ni + 1)th customer at server i, given state 538

n+i for all i. That is, the value of D∗
n is computed as follows: 539

D∗
n =

M∑

i=1

q0i · Wn+ i

i,n i +1 . (42)

Therefore, the optimal price p∗n in this price-setting problem 540

can be obtained by using (40), (42), and Theorem 4. Conse- 541

quently, the original pricing and service rate control problem 542

(Problem 0) has been solved, according to Theorem 1. The op- 543

timal price p∗n and service rate μ∗
i,n, i = 1, . . . ,M , n ∈ S, are 544

obtained by (40) and Algorithm 1, respectively. 545

In this paper, the pricing control problem is dynamic, and we 546

obtain the optimal prices and service rates at every system state. 547

That is, we can observe the full information of the system and 548

adjust the price and service rates dynamically when the system 549

state is changed. If we can only observe partial information to 550

adjust the policy, this problem may become more complicated. 551

For example, we may only observe the total number of cus- 552

tomers in the whole network, instead of the specific distribution 553

of customers. We adjust the price only when the total number 554

of customers is changed. Such partial information based pricing 555

control problem deserves further investigation, and our previous 556

study on admission control problem may provide some insights 557

[24]. Furthermore, if the price and service rates are not varying 558

with state, we call it static pricing control problem. Such prob- 559

lem may become even more complicated and gradient-based 560

approaches may be applicable. All these problems are future 561

research topics with significance. 562

IV. NUMERICAL EXPERIMENTS 563

In this section, we explore the characteristics of the optimal 564

policy derived by our approach through some numerical exam- 565

ples. We also discuss the impact of the variation of delay cost 566

parameters on the system performance. 567

Consider a semiopen Jackson network with M = 2 servers. 568

The routing probabilities are q01 = 0.3, q02 = 0.7, q10 = 0.8, 569

q12 = 0.2, q20 = 0.4, and q21 = 0.6. Obviously, we have λn = 570

0 if
∑M

i=1 ni = N and μi,n = 0 if ni = 0, i = 1, . . . , M . 571

We assume that the service values are uniformly distributed 572

in [u, u]. As mentioned before, the service value rate func- 573

tion b(λn) = Bλn − Cλ2
n and the marginal value function 574

b′(λn) = B − 2Cλn, where B = u and C = u−u
2Λ . The oper- 575

ating cost rate function is c(μi,n) = 1
2 μ2

i,n. The arrival rate λn 576

is chosen from [0,Λ] and the service rate μi,n is chosen from 577

[0, U ], i = 1, . . . , M and n ∈ S. 578

First, we investigate the optimality structure of the state- 579

dependent arrival rates, service rates, and expected delays. 580

As we can see from Fig. 3(a), the optimal arrival rate λ∗
n is 581
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Fig. 3. Optimal rates and expected delays, Λ = 3, U = 6, B = 4.5,
C = 0.5, v = 0.5, N = 20, and η∗ = 1.9024. (a) Optimal arrival rates.
(b) Optimal service rates of server 1. (c) Optimal service rates of
server 2. (d) Expected delays under optimal arrival and service rates.

nonincreasing in state n, that is, if n1 
 n2 , we have λ∗
n1

≤582

λ∗
n2

. The optimal arrival rate λ∗
n decreases to zero before the583

total number of customers reaches 20. This indicates that the584

system stability is achieved via pricing control under the ratio-585

nal customer behavior mechanism, which justifies the statement586

of the finite capacity assumption in Remark 1. In Fig. 3(b) and587

(c), we can see that the optimal service rate of each server is in-588

creasing with the number of customers at that server if we keep589

the number of customers at the other server fixed. The expected590

delay D∗
n is increasing in state n, as illustrated in Fig. 3(d).591

Next, we explore the structure of optimal state-dependent592

price p∗n for positive optimal arrival rate λ∗
n. With (40), we593

know that the price at state with λ∗
n = 0 can be any value equal594

to or larger than u − v · D∗
n, so we only focus on the structure of595

optimal price p∗n with positive arrival rate λ∗
n in the following596

Fig. 4. Optimality structure of prices. (Only prices with positive arrival
rates are depicted.) (a) Illustrative example of increasing prices, Λ = 3,
U = 6, B = 4.5, C = 0.5, v = 0.5, N = 20, and η∗ = 1.9024. (b) Illustra-
tive example of nonmonotone prices, Λ = 1, U = 6, B = 4.5, C = 0.5,
v = 0.3, N = 30, and η∗ = 2.0933.

examples. When the delay cost v is relatively small as com- 597

pared to the service value, we have pn ≈ b′(λn). As the value 598

rate function b(λn) is concave and the optimal arrival rate is de- 599

creasing in n when λ∗
n 	= 0, the optimal price p∗n is increasing 600

in state n, as illustrated in Fig. 4(a). In a light-traffic scenario 601

where the maximal arrival rate Λ is small, the optimal state- 602

dependent arrival rate λ∗
n reaches the maximum at states where 603

the total number of customers ||n||1 is small, and is decreasing 604

in state n when ||n||1 is large. As a result, the optimal price p∗n 605

is decreasing in state n when ||n||1 is small and increasing in 606

state n when ||n||1 is relatively large. Fig. 4(b) is an example 607

for this nonmonotone structure of p∗n. 608

Then, we examine the effect of delay cost v on the optimal 609

policy. Due to space limitations, we only plot the optimal policy 610

for the case where server 2 is idle. The following results also 611

hold for any positive number of customers in server 2. From 612

Fig. 5(a), we can see that when server 2 is idle, for the same 613

state n, the optimal arrival rate λ∗
n is nonincreasing in delay cost 614

v. The maximal number of customers at server 1 with positive 615

arrival rate is decreasing in delay cost v. This suggests that 616

higher delay cost decreases the maximal number of customers 617

in the system. To counteract the effect of the increased delay cost 618

on the system performance, the service provider has to increase 619

the service rates of servers to reduce the expected delay. So, we 620

see that for the same state n, the optimal service rate μ∗
1,n is 621

nondecreasing in delay cost v in Fig. 5(b), and that the expected 622

delay D∗
n is decreasing in delay cost v in Fig. 5(c). The optimal 623

service rate μ∗
2,n of server 2 under varying delay cost shares 624
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Fig. 5. Optimal rates, prices, and expected delays under different
delay cost v (n2 = 0), B = 4.5, C = 0.5, Λ = 3, U = 6, and N = 30.
(a) Optimal arrival rates. (b) Optimal service rates of server 1. (c) Ex-
pected delays under optimal policy. (d) Optimal prices. (Only prices with
positive arrival rates are depicted.)

the same monotonicity property with that of server 1. We omit625

its plot for space limitation. The variation of optimal price as a626

result of the change in delay cost is relatively small, but there627

is no unified conclusion about whether an increased delay cost628

raises prices, as shown by Fig. 5(d).629

In addition, we study the long-run average profits of cus-630

tomers and service provider if the policy is optimal and the631

value of v is varying. The profit of customers is also called the632

TABLE I
AVERAGE PROFITS OF CUSTOMERS (r∗c ), SERVICE PROVIDER (r∗s ), AND THE
AVERAGE SOCIAL WELFARE (η∗) PRODUCED BY OPTIMAL POLICY UNDER

DIFFERENT v, B = 4.5, C = 0.5, Λ = 3, U = 6, AND N = 30

v r∗c r∗s η∗

0.3 1.12 1.27 2.39
0.6 0.84 0.87 1.71
1.0 0.59 0.54 1.14
1.5 0.38 0.30 0.67
2.0 0.23 0.15 0.38

expected net utility defined in (1). Thus, the long-run average 633

profit of customers admitted to the system is given by 634

rc = lim
T →∞

1
T

∫ T

0
λnt

Rnt
dt

=
∑

n∈S
π(n)λ(n)(E{u|u > ũn} − pn − vDn). (43)

The profit of the service provider is defined as the revenue gained 635

from charging customers minus the operating cost. Thus, at state 636

n, the profit rate of the service provider is written as 637

Sn = λnpn −
M∑

i=1

c(μi,n). (44)

The long-run average profit of the service provider is written as 638

rs = lim
T →∞

1
T

∫ T

0
Snt

dt =
∑

n∈S
π(n)Sn. (45)

Table I gives the optimal values of r∗c , r∗s , and η∗ under differ- 639

ent delay cost v. We set capacity N loosely as 30. The optimal 640

arrival rates under this set of delay cost parameters all dimin- 641

ish to zero before the total number of customers in the system 642

reaches 30. From Table I, we see that the values of r∗c , r∗s , and 643

η∗ are all decreasing in v. Moreover, we can find that the sum of 644

r∗c and r∗s equals the long-run average social welfare η∗. Based 645

on the above-mentioned analysis, we can conclude that if cus- 646

tomers have a relatively lower v, it not only enlarges their own 647

expected profits, but also contributes to the growth of the profit 648

of service provider and the social welfare. It explains the En- 649

glish saying “patience is a virtue” from a scientific viewpoint 650

of service systems. Useful insights may be obtained for the ser- 651

vice operation management in practice: patient customers are 652

beneficial to all participators in a service system and the ser- 653

vice regulator should lower the weight of delay cost if possible. 654

There are many ways widely adopted in practice to improve the 655

customer patience and lower the value of v. For example, service 656

providers can furnish the waiting area comfortably or providing 657

interesting games to make waiting tolerable, pleasant, or even 658

productive. Some psychological techniques are also beneficial 659

to improve the customer patience. 660

V. CONCLUSION 661

In this paper, we study the dynamic pricing and service rate 662

control problem in a semiopen Jackson network, where the cus- 663

tomers are delay sensitive and rational. To handle the diffi- 664

culty caused by the pricing control, we decompose the original 665
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problem into the rate-setting problem and the price-setting prob-666

lem. Based on the performance difference formulas, we first667

develop the iterative algorithm to optimize the state-dependent668

arrival rates and service rates. When the value rate function is669

concave in the arrival rate and the cost rate function is convex in670

the service rate, the optimal state-dependent arrival and service671

rates are solved by a series of convex optimization subprob-672

lems. When the rate functions have linear structure, the optimal673

rates are of a bang–bang control form. Then, we develop a re-674

cursive approach to solve the conditional expected delays in675

the price-setting problem and obtain the optimal prices conse-676

quently. Finally, we conduct numerical examples to demonstrate677

the structure property of optimal policies. Interesting sights are678

also derived, which may guide the service management in real679

life: patience of customers is beneficial to the performance of680

customers, service provider, and even the social welfare; we681

should lower the weight of delay cost by adopting strategies for682

managing customer waiting.683

In this paper, we assume that all the customers have the684

same admission prices and value functions. However, in many685

systems, there exist multiple classes of customers. Different686

classes of customers may have different prices and rate687

functions. Thus, their admission decisions will be mutually688

affected and there exist competitions among customers. It689

is an interesting future topic to study the pricing control690

problem from a game theoretic viewpoint. Other future topics691

may include the dynamic pricing control based on partial692

information and the static pricing control.693
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