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Optimal Control of State-Dependent Service
Rates in a MAP/M/1 Queue
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Abstract—In this paper, we study the optimal control of
service rates in a queueing system with a Markovian arrival
process (MAP) and exponential service times. The service
rate is allowed to be state dependent, i.e., we can adjust the
service rate according to the queue length and the phase
of the MAP. The cost function consists of holding cost and
operating cost. The goal is to find the optimal service rates
that minimize the long-run average total cost. To achieve
that, we use the matrix-analytic methods (MAM) together
with the sensitivity-based optimization (SBO) theory. A per-
formance difference formula is derived, which can quantify
the difference of the long-run average total cost under any
two different settings of service rates. Based on the differ-
ence formula, we show that the long-run average total cost
is monotone in the service rate and the optimal control is
a bang–bang control. We also show that, under some mild
conditions, the optimal control policy of service rates is of a
quasi-threshold-type. By utilizing the MAM theory, we pro-
pose a recursive algorithm to compute the value function
related quantities. An iterative algorithm to efficiently find
the optimal policy, which is similar to policy iteration, is
proposed based on the SBO theory. We further study some
special cases of the problem, such as the optimality of the
threshold-type policy for the M/M/1 queue. Finally, a num-
ber of numerical examples are presented to demonstrate
the main results and explore the impact of the phase of the
MAP on the optimization in the MAP/M/1 queue.

Index Terms—Markov decision process (MDP), matrix-
analytic methods (MAM), queueing system, sensitivity-
based optimization (SBO), service rate control.
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I. INTRODUCTION

TRADITIONALLY, queueing theorists have focused on
modeling queueing systems and analyzing performance

measures. Recently, a considerable amount of research effort is
being devoted to the optimization of queueing systems, whereby
the study of the performance analysis and the performance op-
timization are being considered jointly. Service rate control
is one of the most important research topics in the perfor-
mance optimization of queueing systems and it has attracted
a lot of attention from researchers and practitioners [8], [12],
[22], [24], [25].

Different studies on the service rate control problem focus
on different queueing models. For an M/M/1 queue, it is proved
that the optimal service rate is nondecreasing with respect to
(w.r.t.) the number of customers in the system when the hold-
ing cost is nondecreasing and the criterion is to minimize the
long-run average cost [24]. A recent study shows that such a
monotone structure holds for systems with state-dependent ser-
vice rate and/or state-dependent arrival rate [3]. The effect of
pricing on the optimization result is also considered in [3]. For
a tandem queue with two servers, it is proved that the optimal
state-dependent service rate has a structure of the bang–bang
control determined by a switch function [21]. The monotone
structure of optimal service rates for a cyclic queue, where
the service rate is assumed to be independent of the state, is
studied in [26]. It is proved in [15] and [31] that for a closed
Jackson network, the optimal service rates are located on the
boundary of their value domains (bang–bang control) when the
cost function is linear in the service rate. Recently, the above
property is further extended under a more general condition
where the cost function is only required to be concave w.r.t.
the service rate [30]. There are also some works studying the
service rate control problem from a game theoretic perspective
[14], [17], [28].

Most of the existing works assume that the arrival process
is a stationary Poisson process. However, many practical ser-
vice systems do not satisfy this assumption. It is very common
to see that the customer arrival process is neither Poisson nor
stationary, e.g., Internet traffic with bursty and self-similarity
properties [23]. Therefore, it is useful to study the service rate
control problem, where the arrival process is not Poisson. Re-
cent work [13] studies the dynamic service rate control problem
of a queue, where the arrival process is a Markov modulated
Poisson process (MMPP) and the convexity and/or monotonic-
ity assumptions on cost functions are assumed. In this paper,
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we study the service rate control problem in a MAP/M/1 queue,
which is a very general scenario compared with the work in the
literature. The assumptions on cost functions are also signifi-
cantly weaker. By utilizing structural properties of queues, we
develop an efficient algorithm for computing the optimal policy.

Markovian arrival process (MAP) is a very general stochas-
tic model for customer arrivals in queueing systems [2]. It can
model almost all arrival processes, such as Poisson process,
MMPP, phase-type (PH) renewal process, etc. The coefficient
of variation of a MAP can be any positive number. Thus, to
a certain extent, a MAP can model the arrival process with
bursty, self-similarity, or heavy-tail property. It is therefore in-
teresting to study the service rate control of queueing systems
with MAP arrival, which can be used to model many practical
problems. However, MAP arrival increases the model complex-
ity since we have to consider the MAP’s phase status in the
analysis. Matrix-analytic methods (MAM) are a set of well-
known techniques that can handle such complexity. MAM uses
a block matrix structure to organize the transition rate matrix
of queueing models and proposes efficient computation algo-
rithms to compute the steady-state performance measures [1],
[9], [18], [19]. Utilizing the MAM theory can not only simplify
the representation of such queueing models, but also provide
efficient computation algorithms for performance analysis. On
the other hand, the sensitivity-based optimization (SBO) the-
ory is a new tool proposed for the performance optimization
of Markov systems [6], [7]. The key result is the performance
difference formula that can quantify the performance difference
of Markov systems under any two policies or parameters. The
difference formula gives a clear relation that explains how the
system performance is varying according to different policies
or parameters. The SBO theory is especially effective for the
performance optimization of queueing systems because it can
efficiently utilize the structure properties of queueing models.
Recently, the SBO theory has been applied to the optimiza-
tion of queueing systems successfully [28]–[30], and some in-
teresting results that are difficult to obtain in classical queue-
ing theory have been derived. But these works focus on the
Jackson network and cannot handle the non-Poisson arrival pro-
cess. Therefore, it is interesting to apply the SBO theory to study
the service rate control in the MAP/M/1 queue.

In this paper, we combine MAM and SBO theories to study
the service rate control in the MAP/M/1 queue. We use MAM
techniques to organize the transition rate matrix in a quasi-
birth-death (QBD) form. Based on the concise form of matrix
organization, we apply the SBO theory and derive a difference
formula under different service rates. With the difference for-
mula, some interesting and insightful results are obtained, such
as a necessary and sufficient condition of optimal service rates,
a monotonicity property of the system performance w.r.t. the
service rate, and an optimality of quasi-threshold-type policy.
By utilizing the MAM theory, we propose an efficient com-
putation algorithm to recursively compute the value function
related quantities. We propose an efficient optimization algo-
rithm, based on the SBO theory, to iteratively find the optimal
policy. Some further optimality properties are also obtained in
special cases. Finally, we conduct numerical experiments to

verify the main results and explore the impact of the phase of
the MAP on the control of the service rate.

The rest of the paper is organized as follows. In Section II,
we give a mathematical formulation of the service rate control
problem in the MAP/M/1 queue, where we utilize MAM tech-
niques to represent the QBD structure of transition rate matrix.
In Section III, we apply the SBO theory and derive the difference
formula for the optimization problem. Some optimality prop-
erties are also derived in this section. We further characterize
the optimal control policy and develop efficient algorithms for
searching the optimal policy in Section IV. In Section V, we
conduct numerical experiments to gain insights into the impact
of the phase of the customer arrival process on the optimization
result. Finally, we summarize the results obtained in this paper
and provide some brief discussions about possible future work
in Section VI.

II. PROBLEM FORMULATION

We consider a MAP/M/1 queue. Customer arrivals obey a
MAP that is a very general arrival process [18]. A MAP is de-
fined by two m-by-m matrices D0 and D1 , where m is the
number of phases (states) of the MAP. The MAP can also be
viewed as a class of hidden Markov models, where the customer
arrivals depend on the phase of an underlying continuous-time
Markov chain (CTMC). Let D = D0 + D1 be an irreducible
infinitesimal generator of the underlying CTMC of the MAP.
The phase transitions of the underlying CTMC are classified
into two types, one is a hidden transition that does not lead to
a customer arrival and the other is an observable transition that
leads to a customer arrival.D0(i, j) is the rate of the hidden tran-
sition from phase i to phase j, whereasD1(i, j) is the rate of the
observable transition from phase i to phase j, i, j = 1, 2, . . . ,m.
Both types of transitions can change the current phase of the
MAP. The hidden transition can change the rate of customer
arrivals and it has physical meanings, such as different arrival
modes or breakdowns of customer generating sources. The di-
agonal elements of D0 are negative. All the other elements of
D0 and all the elements of D1 are nonnegative. Below, we give
an example of D0 and D1 for a two-phase MAP:

D0 =
[−σ1 γ1,2
γ2,1 −σ2

]
, D1 =

[
λ1,1 λ1,2
λ2,1 λ2,2

]

where γi,j ≥ 0 and λi,j ≥ 0 for all i, j, σ1 = γ1,2 + λ1,1 +
λ1,2 > 0, σ2 = γ2,1 + λ2,1 + λ2,2 > 0. It is well known that
the steady-state average arrival rate of a MAP is λ = ωD1e,
where ω is a row vector representing the steady-state distribu-
tion of phases and satisfying ωD = 0 and ωe = 1, and e is a
proper dimension column vector with all the elements as 1.

A customer that arrives to find the server busy will wait in
the waiting room. We assume that the waiting room capacity
is infinite. The service discipline is first-come-first-served. The
service is provided by a single server. The service time follows
an exponential distribution. The service rate is state dependent
and it depends on the queue length at the server and the phase
status of the customer arrival process. We denote the service rate
as μn,j , where n is the number of customers at the server and j
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is the phase status of the MAP, n = 0, 1, 2, . . ., j = 1, 2, . . . ,m.
Obviously, we have μn,j = 0 if n = 0. The service rate μn,j
will change according to the value of n at the server and j of the
arrival process. Suppose the server currently works at rate μn,j .
If n increases to n+ 1 (i.e. a new customer arrives) or the phase
status changes to j′, then the server will, respectively, change
its rate to μn+1,j or μn,j ′ immediately. If n decreases to n− 1
(i.e., a servicecompletion occurs), the server will change its rate
to μn−1,j . Such a scheme is reasonable since the exponential
service time distribution has the memoryless property.1

The system state at time t is defined as (N(t), J(t)), where
N(t) is the number of customers at the server at time t andJ(t) is
the phase of the MAP at time t, for t ≥ 0. For a specific state, we
denote it as (n, j), where n = 0, 1, . . . and j = 1, 2, . . . ,m. All
the possible states compose the state spaceX := {all (n, j)|n =
0, 1, . . . and j = 1, 2, . . . ,m}. Obviously, the state space X is
infinite. All the service rates with the same queue length n
consist an m-dimensional column vector as follows:

μn = (μn,1 , μn,2 , . . . , μn,m )T (1)

where the superscript T indicates the transpose operation of
matrix or vector. We further define an m×m diagonal matrix
as

diag(μn ) =

⎛
⎜⎜⎜⎜⎜⎝

μn,1 0 0 · · · 0

0 μn,2 0 · · · 0
...

...
...

. . .
...

0 0 · · · 0 μn,m

⎞
⎟⎟⎟⎟⎟⎠
. (2)

It is easy to see that {(N(t), J(t)), t ≥ 0} is a QBD process.
The transition rate matrix of this QBD process is given as (3)
shown in the bottom of the page.

In the matrix (3), the system state (n, j) is sorted first accord-
ing to the order of n, then according to the order of j. That is,
the first row corresponds to the transition rate from the initial
state (0, 1) to the next state (n, j), the second one from (0, 2)
to (n, j), until the mth one from (0,m) to (n, j), the (m+ 1)
st row from (1, 1) to (n, j), etc., where j = 1, 2, . . . ,m and
n = 0, 1, 2, . . .. From the QBD structure of (3), we know that if
the diagonal matrix diag(μn ) is the same for all n > n0 (where
n0 is a given constant), we can use the standard MAM to effi-
ciently compute the steady-state distribution of the MAP/M/1
queue [1], [9], [18]. However, in this paper, we aim to study

1The phase status j may be unobservable in practice, which makes the phase-
dependent service rate μn ,j difficult to implement. We give more discussion
in Examples 5 and 6 in Section V, where a sampling policy is proposed to
approximate μn ,j .

the performance optimization of the MAP/M/1 under different
settings of service rates, i.e., the values of diag(μn ) are gen-
erally different. Therefore, the MAM technique cannot be used
directly for this purpose. We combine the MAM theory with the
SBO theory [6], [7] to study this optimization problem.

The system cost consists of two parts, holding cost and oper-
ating cost. Letφ(n, j) be the holding cost per unit time, given the
queue state n and the phase j. Also, let ψ(μn,j ) be the operating
cost per unit time, which is defined as a function of the service
rate, given the queue state n and the phase j. In this paper, we
consider a specific form of the operating cost, ψ(μn,j ) = bμn,j ,
so the cost function is defined as

f(n, j) = φ(n, j) + bμn,j , n = 0, 1, . . . , j = 1, 2, . . . ,m
(4)

where b (> 0) is a weight to balance the prices of the operating
cost and the holding cost. In the above cost function, φ(·) has no
relation to service rates. For the characterization of the optimal
policy in this paper, in general, we do not have any requirement
on φ(·), such as the convexity (concavity) or nondecreasing
(nonincreasing) conditions widely used in the literature [24].
However, we do impose mild conditions on φ(n, j) when n is
big, which can be found later in this paper (see Theorem 3). Note
that we assume a linear operating cost in this paper. Although
this assumption is reasonable in the real world, there also exist
many other cases where the operating cost is nonlinear in service
rates, such as the exponential structure of power consumption
w.r.t. transmission rates in wireless communication. It deserves
further investigation for the case of nonlinear operating cost.

The service rate μn,j is adjustable and its value domain is
denoted as Un,j , n = 1, 2, . . ., j = 1, 2, . . . ,m. All the service
rates are organized in a matrix form as

μ = (μ1 ,μ2 ,μ3 , . . .) (5)

which has m rows and infinitely many columns. We shall call
μ a policy from the terminology of Markov decision process
(MDP). The value domain of μn is denoted as

Un = Un,1 × Un,2 × · · · × Un,m , (6)

where × is the Cartesian product and n = 1, 2, . . .. The value
domain of μ is denoted as

U = U1 × U2 × · · · (7)

where U is also called the policy space in MDP. We observe that
μ is a parametric policy with infinite dimension, so is the policy
space U . In this paper, we assume that the value domain Un,j is

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

D0 D1 0 0 0 · · ·
diag(μ1) D0 − diag(μ1) D1 0 0 · · ·

0 diag(μ2) D0 − diag(μ2) D1 0 · · ·
0 0 diag(μ3) D0 − diag(μ3) D1 · · ·
...

... · · · . . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (3)
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a continuous interval, that is,

μn,j ∈ Un,j = [μmin
n,j , μ

max
n,j ], n = 1, 2, . . . , j = 1, 2, . . . ,m

(8)
where μmin

n,j and μmax
n,j are constant. To guarantee the stability

of the queue, we assume μmax
n,j > λ. Note that we may further

assume μmin
n,j = 0 in some cases of this paper. Let

μmax
n = (μmax

n,1 , . . . , μ
max
n,m )T , for n ≥ 1;

μmax = (μmax
1 ,μmax

2 , . . .). (9)

We assume that there exist policies for which the system
is stable. The steady-state distribution is denoted as {π(n, j),
n = 0, 1, . . . and j = 1, 2, . . . ,m}. We further define an m-
dimensional row vector as

π(n) = (π(n, 1), π(n, 2), . . . , π(n,m)). (10)

The infinite-dimensional row vector of the steady-state distribu-
tion is defined as

π = (π(0),π(1),π(2), . . .). (11)

It is well known that

πB = 0,
πe = 1. (12)

Similarly, we also define the following column vectors com-
posed of element f(n, j):

f(n)=(f(n, 1), f(n, 2), . . . , f(n,m))T , for n = 0, 1, 2, . . . ;
f = (fT (0),fT (1),fT (2), . . .)T .

(13)
Note that f is a column vector with infinitely many elements.
The long-run average total cost of the system is defined as

η = lim
T→∞

1
T
E

{∫ T

0
f(N(t), J(t))dt

}
= πf (14)

where we assume that the Markov process {(N(t), J(t)), t >
0} is a unichain, thus η is independent of the initial state
(N(0), J(0)). The condition of (N(t), J(t)) being a unichain
is complicated and one of the sufficient conditions is as fol-
lows: there exists a constant N such that μn,j > λ, ∀ n > N ,
where j = 1, 2, . . . ,m. We will further observe that the quasi-
threshold optimal policy derived in Section IV satisfies such
sufficient condition. The objective of this problem is to find the
optimal service rates μ∗ from the value domain U that minimize
the long-run average total cost, that is,

μ∗=argmin
μ∈U

{η}= argmin
μ m in
n , j

≤μ n , j ≤μ m a x
n , j

n = 1 , 2 , . . . ; j = 1 , . . . , m

{πf} . (15)

Remark 1: The number of optimization variables in (15) is
infinite. In the MDP terminology, the dimensions of the state
space and the policy space of (15) are infinite. It is difficult to find
the optimal policy of an MDP problem with infinite dimension.

III. CHARACTERIZATION OF THE OPTIMAL POLICY

WITH THE SBO THEORY

In this section, we study the optimization problem (15)
with the SBO theory [6], [7]. More specifically, we derive a

difference formula that can quantify the performance differ-
ence of Markov systems under any two sets of service rates.
The difference formula gives us advantage to study the rela-
tion between the performance and the parameters. Thus, some
optimality properties can further be obtained.

First, we define the performance potential of the continuous
time Markov process as

g(n, j) = lim
T→∞

E

{∫ T

t=0
[f(N(t), J(t))− η]dt

∣∣∣

(N(0), J(0)) = (n, j)

}
. (16)

From the above definition, we see that g(n, j) quantifies the
contribution of the initial state (n, j) to the long-run average
performance of the Markov system. It is also called the relative
value function or bias in the traditional MDP theory [20]. We
further define a column vector g that is composed of elements
g(n, j), n = 0, 1, . . . and j = 1, 2, . . . ,m. Specifically, we
define

g(n) = (g(n, 1), g(n, 2), . . . , g(n,m))T , for n = 0, 1, . . . ;
g = (gT (0), gT (1), gT (2), . . .)T .

(17)
With (16), g(n, j) can be decomposed as

g(n, j)

= E{τ}[f(n, j)− η]+ lim
T→∞

E

{∫ T

t=τ
[f(N(t), J(t))− η]dt

∣∣∣

(N(0), J(0)) = (n, j)

}

= E{τ}[f(n, j)−η]+
∑

(n ′ , j ′)∈X ,
(n ′ , j ′) 
= (n , j )

Pr
{

(N(τ), J(τ))

= (n′, j′)
∣∣∣

(N(0), J(0))=n, j)
}

lim
T→∞

E

{∫ T

t=τ
[f(N(t), J(t))−η]dt

∣∣∣

(N(τ), J(τ)) = (n′, j′)

}
(18)

where τ is the sojourn time of the Markov system staying at
state (n, j). From the physical meaning of the transition rate of
a Markov process, we know that

E{τ} = − 1
B((n, j), (n, j))

;

Pr{(N(τ), J(τ)) = (n′, j′)|(N(0), J(0)) = (n, j)}

= −B((n, j), (n′, j′))
B((n, j), (n, j))

. (19)
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Substituting the above equation and (16) into (18), we have the
following equation:

−B((n, j), (n, j))g(n, j)

= f(n, j)− η +
∑

(n ′ , j ′)∈X ,
(n ′ , j ′) 
= (n , j )

B((n, j), (n′, j′))g(n′, j′).(20)

Therefore, in a matrix form, we obtain the following equation:

Bg = −f + ηe (21)

where the above equation has infinite dimension.
Suppose the policy of the Markov system is changed and the

corresponding parameters under the new policy are denoted as
B′, f ′, π′, and η′, respectively. Below, we study the difference
between η and η′. Premultiplying by π′ on both sides of (21),
we have

π′Bg = −π′f ′ + π′(f ′ − f) + ηπ′e. (22)

Since π′B′ = 0, π′e = 1, and π′f ′ = η′, we can derive the
performance difference formula as

η′ − η = π′[(B′ −B)g + (f ′ − f)]. (23)

Remark 2: The right-hand side of the difference formula (23)
is an inner product of two vectors with infinite dimension. That
is, the SBO theory and the difference formula are also valid for
the Markov system with an infinite state space.

The above difference formula is valid for the performance
optimization of any Markov systems. Below, we apply it to
study our specific problem (15).

Suppose the service rate is changed from μn to μ′n , n =
1, 2, . . .. With the QBD structure of B in (3), we can write
B′ −B as (24) that is shown in this page.

Substituting (24) and the cost function (4) into the difference
formula (23), we have

η′ − η = π′[(B′ −B)g + (f ′ − f)]

=
∞∑
n=1

π′(n){diag(μ′n − μn )[g(n−1)−g(n)]+b(μ′n − μn )}

=
∞∑
n=1

m∑
j=1

π′(n, j)(μ′n,j − μn,j )[g(n− 1, j)−g(n, j)+b].(25)

For simplicity, we further define a quantity G(n, j) as

G(n, j) := g(n− 1, j)− g(n, j) + b. (26)

We can see that G(n, j) quantifies the difference among two
adjacent performance potentials g(n, j) and g(n− 1, j). It mea-
sures the long-term effect on the average performance when the

system state is changed from (n, j) to (n− 1, j), which indi-
cates the occurrence of a service completion event. It is similar
to a concept called perturbation realization factor in the theory
of perturbation analysis [6]. We will further study how to effi-
ciently compute this important quantity using MAM techniques
in Section IV.

With (26), we obtain the following performance difference
formula when the service rate is changed from μn,j to μ′n,j ,
where n = 1, 2, . . ., and j = 1, 2, . . . ,m.

η′ − η =
∞∑
n=1

m∑
j=1

(μ′n,j − μn,j )π′(n, j)G(n, j). (27)

Remark 3: In (27),G(n, j) is a quantity related to the perfor-
mance potential of the current system and it can be computed or
estimated from sample paths. Although the value of π′(n, j) is
unknown, it is always nonnegative. Thus, (27) clearly describes
how the average cost η will be changed when the service rates
μn,j ’s are changed. Difference formula (27) is the key result
in solving the service rate control problem of the MAP/M/1
queue and it is the basis of all the following analysis for the
optimization problem.

Based on (27), we can obtain the necessary and sufficient
condition of the optimal service rate μ∗n,j with the following
lemma.

Lemma 1: μ∗n,j is the optimal service rate, if and only if it
satisfies the following condition:

μ∗n,jG
∗(n, j) ≤ μ′n,jG∗(n, j) ∀ μ′n,j ∈ [μmin

n,j , μ
max
n,j ],

and n = 1, 2, . . . , j = 1, 2, . . . ,m. (28)

whereG∗(n, j) is the quantity defined in (26) with service rates
μ∗n,j .

Proof: This lemma can be proved by contradiction using
(27). First, we prove the necessary condition. Assume that there
exists a situation such that (28) does not hold. For example,
suppose that we can find a particular service rate μ′k,l such
that μ∗k,lG

∗(k, l) > μ′k,lG
∗(k, l). Then, we can construct a new

policy μ′ as follows: chooseμ′n,j = μ∗n,j for state (n, j) 
= (k, l)
and choose μ′k,l for state (n, j) = (k, l). With (27), we can
see η′ − η∗ = (μ′k,l − μ∗k,l)π′(k, l)G∗(k, l) < 0. That is, η′ <
η∗ and it contradicts the fact that μ∗ is optimal. Therefore, the
assumption that (28) does not hold must be wrong and the
necessary condition is proved.

Second, we prove the sufficient condition. Since (28) holds
for any μ′, with (27) we have η′ − η∗ =

∑∞
n=1

∑m
j=1(μ

′
n,j −

μ∗n,j )π
′(n, j)G∗(n, j) ≥ 0. That is, η∗ ≤ η′ for any μ′. We can

see that μ∗ is truly the optimal service rate. The lemma is
proved. �

B′ −B =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · ·
diag(μ′1 − μ1) diag(μ1 − μ′1) 0 0 0 · · ·

0 diag(μ′2 − μ2) diag(μ2 − μ′2) 0 0 · · ·
0 0 diag(μ′3 − μ3) diag(μ3 − μ′3) 0 · · ·
...

... · · · . . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎠
. (24)
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Difference formula (27) provides us a tool to thoroughly study
the structure of the optimal service rate of the problem. Based
on (27), we can further derive a monotonicity property in the
following theorem.

Theorem 1: The long-run average total cost η is mono-
tone w.r.t. the service rate μn,j , for all n = 1, 2, . . . and j =
1, 2, . . . ,m.

Proof: Without loss of generality, we study a particular ser-
vice rate, say μk,l at state (k, l). We assume state (k, l) is not
transient, otherwise it has no effects on the long-run average
total cost. Suppose the current service rate is μ. We only change
the service rate μk,l to μ′k,l and maintain other service rates
the same as μn,j . That is, for the new service rate μ′, we have
μ′n,j = μn,j for (n, j) 
= (k, l). With (27), the change in the
long-run average total cost is given as

η′ − η = (μ′k,l − μk,l)π′(k, l)G(k, l). (29)

On the other hand, we consider the above scenario reversely.
Suppose the current service rate is μ′ that is defined as above. We
change the service rate μ′k,l to μk,l and maintain other service
rates unvaried. That is, the service rate is changed from μ′ to μ.
With (27), the change in the long-run average total cost can be
written as

η − η′ = (μk,l − μ′k,l)π(k, l)G′(k, l). (30)

Comparing (29) and (30), we have

G′(k, l)
G(k, l)

=
π′(k, l)
π(k, l)

> 0 (31)

where π′(k, l) and π(k, l) are always positive since state (k, l)
is not transient. Therefore, we can see that the sign of G(k, l)
remains unvaried whenμk,l is changed. With (29), we can obtain
the derivative formula as

dη

dμk,l
= π(k, l)G(k, l). (32)

Since the sign ofG(k, l) remains unvaried whenμk,l is changed,
the sign of the above derivative is also unvaried. That is, η is
monotone w.r.t. μk,l and the theorem is proved.

Remark 4: Although Theorem 1 claims the monotonicity of
the long-run average total cost, we do not know if it is mono-
tonically increasing or decreasing. Actually, η might be mono-
tonically increasing in some μn,j and monotonically decreasing
in other μn,j , which is demonstrated in a numerical experiment
later (see Example 1 in Section V).

With Lemma 1 and Theorem 1, we can directly obtain the
following theorem.

Theorem 2: The optimal service rate μ∗n,j can be either μmin
n,j

or μmax
n,j , for all n = 1, 2, . . . and j = 1, 2, . . . ,m. More specif-

ically, we have

if G∗(n, j) ≥ 0, then μ∗n,j = μmin
n,j

if G∗(n, j) < 0, then μ∗n,j = μmax
n,j .

(33)

That is, the bang–bang control is optimal for the service rate
control of the MAP/M/1 queue.

The proof of the above theorem is straightforward and we omit
it for simplicity. With Theorem 2, to find the optimal policy,

the value domain of μn,j can be reduced from a continuous
interval [μmin

n,j , μ
max
n,j ] to a two-element set {μmin

n,j , μ
max
n,j }, for all

n = 1, 2, . . . and j = 1, 2, . . . ,m. This is a significant reduction
of the optimization complexity for problem (15).

IV. THRESHOLD-TYPE POLICY AND

OPTIMIZATION ALGORITHM

In this section, we combine the MAM theory and the SBO
theory to study the computation and optimization related issues
of the service rate control problem of the MAP/M/1 queue.
Based on the QBD structure of B, we utilize the MAM theory
to numerically compute G(n, j)’s in a recursive manner. The
optimality of threshold-type policy is further proved under some
mild conditions. Finally, an iterative optimization algorithm is
proposed to efficiently find the optimal policy. Note that in
some places of this section, we assume that μmax

n,j and φ(n, j)
are nondecreasing in n, which is quite justifiable in practice. We
also assume μmin

n,j = 0, for all n and j, in the remainder of this
paper.

A. Optimality of Quasi-Threshold-Type Policy
in MAP/M/1

From the analysis presented in Section III, we see that all
the results and the algorithm depend onG(n, j) defined in (26).
One of its intuitive explanations is that G(n, j) quantifies the
long-term effect on the average performance when the (initial)
system state is changed from (n, j) to (n− 1, j), which indi-
cates a service completion. This quantity is fundamental for our
optimization approach. We denote its vector form as

G(n) = (G(n, 1), G(n, 2), . . . , G(n,m))T , n = 1, 2, . . . .
(34)

By definition, we have G(n) = g(n− 1)− g(n) + be, for n ≥
1. Below, we discuss how to compute G(n).

By (20), we obtain

−D0(i, i)g(0, i) = f(0, i)− η

+
m∑

j=1: j 
=i
D0(i, j)g(0, j) +

m∑
j=1

D1(i, j)g(1, j) (35)

and, for n ≥ 1

−(D0(i, i)− μn,i)g(n, i) = f(n, i)− η + μn,ig(n− 1, i)

+
m∑

j=1: j 
=i
D0(i, j)g(n, j) +

m∑
j=1

D1(i, j)g(n+ 1, j). (36)

In matrix form, the above equations become

ηe = f(0) + D0g(0) + D1g(1);
ηe = f(n) + diag(μn )g(n− 1) + (D0 − diag(μn ))g(n)

+D1g(n+ 1), for n ≥ 1.
(37)

The above equations can be rewritten as

0 = ηe− f(0)−D0g(0)−D1g(1);
diag(μn )(g(n− 1)− g(n)) = ηe− f(n)−D0g(n)
−D1g(n+ 1), for n ≥ 1.

(38)
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By adding diag(μn )be = bμn on both sides for n ≥ 1, we ob-
tain

diag(μn )(g(n− 1)− g(n) + be)

= ηe− f(n)−D0g(n)−D1g(n+ 1) + bμn (39)

or, equivalently

diag(μn )G(n) = ηe− φ(n)−D0g(n)−D1g(n+ 1)
(40)

where φ(n)=(φ(n, 1), φ(n, 2), . . . , φ(n,m))T =f(n)−bμn ,
which is indicated by (4). Using the above equations for n
and n+ 1, we obtain, for n ≥ 1

diag(μn )G(n)− diag(μn+1)G(n+ 1)

= φ(n+ 1)− φ(n)−D0(g(n)− g(n+ 1))

−D1(g(n+ 1)− g(n+ 2))

= dφ(n+ 1)−D0(g(n)− g(n+ 1) + be)

−D1(g(n+ 1)− g(n+ 2) + be)

= dφ(n+ 1)−D0G(n+ 1)−D1G(n+ 2) (41)

where we define dφ(n+ 1) := φ(n+ 1)− φ(n). Note that we
used the fact (D0 + D1)e = 0 in the second equality of the
above equation. The above equation leads to the following useful
equation for G(n+ 1), for n ≥ 0

G(n+ 1) = (diag(μn+1)−D0)−1
(
− dφ(n+ 1)

+ diag(μn )G(n) + D1G(n+ 2)
)
. (42)

Note that diag(μn+1)−D0 is an M-matrix with dominating
diagonal elements for all μn+1(≥ 0) and, consequently, is in-
vertible. It is also well known that all elements of the inverse
matrix are positive [16].

Lemma 2: We assume that there exists a positive integer N
such that 1) μn is nondecreasing in n; and 2) λ < ωμn , for

n ≥ N . Then, vector G(n) can be obtained as, for n ≥ N

G(n+ 1) = ξ(n+ 1) + An+1diag(μn )G(n) (43)

where An+1 and ξ(n+ 1) can be computed recursively as

An+1 =
(
diag(μn+1)−D0−D1An+2diag(μn+1)

)−1 ;
ξ(n+ 1) = An+1 (−dφ(n+ 1) + D1ξ(n+ 2)) .

(44)
Proof: We construct a level-dependent GI/M/1 type CTMC

with transition rate matrix (45), where dμn+1 := μn+1 − μn .
It is readily seen that the first state of the Markov chain QN is

an absorbing state. We claim that 1) the absorption probability
from any state to that state is one, and 2) the expected absorp-
tion time is finite. To show the claims, we construct two more

CTMCs Q̃N and ˜̃QN as (46) and (47) (45) shown at the bottom
of the page. These two matrices have a similar structure as that
of QN in (45).

If the two processes QN and Q̃N both start in the same state,
a sample path comparison shows that the process QN will be
absorbed earlier than Q̃N . Thus, if the two claims hold for Q̃N ,
they hold for QN . Since μn+1 ≥ μN+1 , for n ≥ N , it is easy

to see that if the two claims hold for the Markov chain ˜̃QN ,

they hold for Q̃N . Thus, if the two claims hold for ˜̃QN , they

hold for both Q̃N and QN . Since ˜̃QN is a level-independent
(absorption) QBD process, under the condition λ < ωμN+1 ,
the two claims hold (see [19, ch. 1 and 3]). Consequently, the
two claims hold for QN , a fact that is used in the rest of the
proof.

Now, we are back to QN . In (42), if we define −dφ(n) as
some kind of cost, then G(n) can be interpreted as the expected
total cost incurred during the first passage time (i.e., fundamental
period) from level n−N to the absorption state in the CTMC
QN . Since the expected absorption time is finite, the expected
total cost is finite as well. Consequently, we have shown that
G(n) exists for n ≥ N + 1.

QN =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · ·
μN+1 D0 − diag(μN+1) D1 0 0 · · ·
dμN+2 diag(μN+1) D0 − diag(μN+2) D1 0 · · ·
dμN+3 0 diag(μN+2) D0 − diag(μN+3) D1 · · ·

...
... · · · . . .

. . .
. . .

⎞
⎟⎟⎟⎟⎟⎠
. (45)

Q̃N =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · ·
μN+1 D0 − diag(μN+1) D1 0 0 · · ·

0 diag(μN+2) D0 − diag(μN+2) D1 0 · · ·
0 0 diag(μN+3) D0 − diag(μN+3) D1 · · ·
...

... · · · . . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎠
. (46)

˜̃QN =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · ·
μN+1 D0 − diag(μN+1) D1 0 0 · · ·

0 diag(μN+1) D0 − diag(μN+1) D1 0 · · ·
0 0 diag(μN+1) D0 − diag(μN+1) D1 · · ·
...

... · · · . . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎠
. (47)
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To prove (43), we decompose G(n+ 1) into two parts: the
expected total cost incurred during the transitions from level
n+ 1−N to level n−N , which is denoted by ξ(n+ 1), and
the expected total cost incurred during the transitions from level
n−N to the absorption state, which is G(n). Then, we can
obtain

G(n+ 1) = ξ(n+ 1) + Ãn+1G(n) (48)

where Ãn+1 is an m×m matrix whose (i, j)th element is the
probability that the CTMC QN reaches level n−N for the first
time at phase j, given that the Markov chain was initially in level
n+ 1−N at phase i. By definition, it is easy to see Ãne ≤ e.

Conditioning on the first transition, it can be shown that

Ãn+1 = (diag(μn+1)−D0)−1diag(μn )

+ (diag(μn+1)−D0)−1D1Ãn+2Ãn+1 . (49)

Let An+1 = Ãn+1(diag(μn ))−1 . By (49), it is easy to show
that the equation for An+1 and An+2 in (44) holds, provided
that the inverse on the right-hand side exists. To show that An+1
exists and can be computed recursively using (44), we need to
prove that matrix diag(μn+1)−D0 −D1An+2diag(μn+1) is
invertible. Since Ãn+2 = An+2diag(μn+1) and Ãn+2e ≤ e,
for n ≥ N , we have(
diag(μn+1)−D0 −D1An+2diag(μn+1)

)
e ≥ μn+1 ≥ 0.

(50)
The matrix diag(μn+1)−D0 −D1An+2diag(μn+1) is an
M-matrix with dominating diagonal elements. Thus, the ma-
trix is invertible and, consequently, matrix An can be computed
recursively using (44) for n ≥ N + 1.

Finally, the equation for ξn+1 and ξn+2 in (44) can be ob-
tained by conditioning on the first transition of CTMC QN :

ξ(n+ 1) = (diag(μn+1)−D0)−1(−dφ(n+ 1)
+D1(ξ(n+ 2) + Ãn+2ξ(n+ 1)))

(51)

which leads to the second equation in (44). This completes the
proof of Lemma 2.

Based on Lemma 2, we have following observations on matrix
An and vector dφ(n)

1) Observation 1: All elements of matrix An are positive.
2) Observation 2: If dφ(n+ k) ≥ 0 for all k ≥ 0, then all

elements of ξ(n) are nonpositive.
The above results lead to the following characterization of

the optimal policy, which implies that the optimal policy μ∗ is
of a quasi-threshold-type for individual phases.

Theorem 3: Assume the following:
1) μmax

N+k is nondecreasing in k;
2) μmin

N+k = 0;
3) λ < ωμmax

N+k ; and
4) dφ(N + k) ≥ 0, for a fixed N and any k ≥ 0.
If μ∗N,i = μmax

N,i , for some i (i = 1, 2, . . . ,m), then we have
μ∗N+k,j = μmax

N+k,j , for any k > 0 and j = 1, 2, . . . ,m. That is,
the optimal service rate has a quasi-threshold-type.

Proof: By Lemma 2, AN+k exists for k ≥ 0. For n ≥ N ,
we divide vector G(n) into G−(n) and G+(n) according to
the sign of G(n, j), where all elements of G−(n) are nega-

tive and all elements of G+(n) are nonnegative. We divide μ∗n
into μ∗,−n and μ∗,+n , and μmax

n into μmax,−
n and μmax,+

n , accord-
ingly. By Theorem 2, we must have μ∗,−n = μmax,−

n and μ∗,+n =
0. We divide ξ(n+ 1) into {ξ−(n+ 1), ξ+(n+ 1)}, and
An+1 into {A−,−n+1 ,A

−,+
n+1 ,A

+ ,−
n+1 ,A

+ ,+
n+1}, accordingly. By (43),

we obtain(
G−(n+ 1)
G+(n+ 1)

)
=

(
ξ−(n+ 1)
ξ+(n+ 1)

)
+

(
A−,−n+1 A−,+n+1
A+ ,−
n+1 A+ ,+

n+1

)

·
(

diag(μmax,−
n ) 0

0 0

)(
G−(n)
G+(n)

) (52)

which leads to

G−(n+ 1) = ξ−(n+ 1) + A−,−n+1diag(μmax,−
n )G−(n) < 0,

G+(n+ 1) = ξ+(n+ 1) + A+ ,−
n+1diag(μmax,−

n )G−(n) < 0
(53)

where we utilize the observation that An is positive and ξ(n) is
nonnegative. Therefore, by Theorem 2, we must have μ∗,−n+1 =
μmax,−
n+1 . The desired result follows.
Remark 5: With Theorem 3, we see that the optimal service

rate of the MAP/M/1 queue has a quasi-threshold-type. That is,
there exists a thresholdN such that if n > N , μ∗n,j = μmax

n,j , for
j = 1, 2, . . . ,m.

Note that in Theorem 3, we only require that μmax
n and φ(n)

are nondecreasing in n when n is large enough. If μmax
n and

φ(n) are always nondecreasing in n, then the optimal service
rate of MAP/M/1 can have an even more special form called
strong quasi-threshold-type. We can derive the following corol-
lary directly based on Theorem 3.

Corollary 1: If μmax
n and φ(n) are always nondecreasing

in n, μmin
n = 0, and λ < ωμmax

n for all n, then the optimal
service rate of the MAP/M/1 queue can be of the strong quasi-
threshold-type. That is, there exists a threshold N such that if
n > N , μ∗n,j = μmax

n,j ; if n < N , μ∗n,j = 0; if n = N , μ∗n,j can
be either 0 or μmax

n,j at different phase j.

B. Computation and Optimization Algorithm

The optimality of the quasi-threshold-type policy greatly re-
duces the optimization complexity of the problem. The form of
the quasi-threshold-type policy is simple and it is easy to adopt
in practice. Next, we develop an iterative algorithm to find the
optimal policy. We further assume that for sufficiently large N ,
1) μn = μmax

n = μmax
∞ and 2) dφ(n) = dφ∞, for n ≥ N . We

use A∞ to denote An for n ≥ N . Then, we can rewrite (49) as
follows:

Ã∞ = (diag(μmax
∞ )−D0)−1diag(μmax

∞ )

+ (diag(μmax
∞ )−D0)−1D1(Ã∞)2 (54)

where Ã∞ = A∞diag(μmax
∞ ). Using (54), the matrix Ã∞

can be obtained numerically. The basic idea is described by
Algorithm 1 as follows.

The computation procedure of Algorithm 1 is similar to that
of the well-known matrix G for the QBD process and the con-
vergence can be guaranteed (see [19, ch. 3]). In fact, Ã∞ is the
minimum nonnegative solution to (54).
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Algorithm 1: A recursive numerical computation algorithm
for Ã∞ based on (54).

1) Initialize Ã∞ arbitrarily, e.g., set Ã
(0)
∞ = 0, k = 0, and

ε > 0.
2) Repeat:

Ã
(k+1)
∞ = (diag(μmax

∞ )−D0)−1diag(μmax
∞ )+

(diag(μmax
∞ )−D0)−1D1(Ã

(k)
∞ )2 ;

k ← k + 1;

Until the stopping criterion ||Ã(k)
∞ − Ã

(k−1)
∞ || < ε is

satisfied.
3) Output Ã

(k)
∞ as the value of Ã∞.

We use ξ∞ to denote ξ(n) for n ≥ N , and dφ∞ to denote
dφ(n) for n ≥ N . If λ < ωμ∞, by (44), then we obtain

ξ∞ = −(I −A∞D1)−1A∞dφ∞
= −(A−1

∞ −D1)−1dφ∞
= −

(
diag(μmax

∞ )−D0 −D1(Ã∞ + I)
)−1

dφ∞.
(55)

Note that it is well known from the QBD theory that Ã∞ is finite
and the matrix diag(μmax

∞ )−D0 −D1(Ã∞ + I) is invertible.
Once A∞ and ξ∞ are obtained, we extend (44) from n ≥ N

to n = N − 1, . . . , 1 to compute {An , n = N,N − 1, . . . , 1}
and {ξ(n), n = N,N − 1, . . . , 1}, by assuming the existence
of {An , n = N,N − 1, . . . , 1}. By (40) and the first equality
in (38), we obtain

G(1) = −(diag(μ1)−D0)−1dφ(1)

+ (diag(μ1)−D0)−1D1G(2). (56)

Replacing G(2) in the above equation with its expression in
(43) yields

G(1) = A1 (−dφ(1) + D1ξ(2)) . (57)

By comparing the above expression of G(1) and that of ξ(1)
[see (44)], it is clear that ξ(1) = G(1). Then, we extend (43)
from large n (i.e., n ≥ N ) to n = 2, 3, . . . , N , and compute
{G(n), n = 2, 3, . . . , N} recursively. The following lemma
ensures the existence and finiteness of matrices {An , n =
N,N − 1, . . . , 1}, vectors {ξ(n), n = N,N − 1, . . . , 1}, and
vectors {G(n), n = 1, 2, . . . , N}.

Lemma 3: Assume that D = D0 + D1 is irreducible. Then,
{An , n = 1, 2, . . .} exist and are finite. Given the existence of
A∞ and ξ∞ (e.g., under the conditions 1) μn = μmax

n = μmax
∞

and 2) dφ(n) = dφ∞, for n ≥ N ), then {ξ(n), n = N,N −
1, . . . , 1} and {G(n), n = 1, 2, . . . , N} exist and are finite.

Proof: Since D is irreducible, every element
of ω (defined in Section II) is positive. Define
D̂0 = diag−1(ω)DT

0 diag(ω), D̂1 = diag−1(ω)DT
1 diag(ω),

and Ân = diag−1(ω)AT
n DT

1 diag(ω). It is easy to verify that
D̂0 + D̂1 is an irreducible infinitesimal generator. Premultiply-
ing by D1 on both sides of the first equation in (44), we obtain

D1An = D1 (diag(μn )−D0 −D1An+1diag(μn ))−1

(58)
which leads to

D1An = D1 (diag(μn )−D0)
−1

+D1AnD1An+1diag(μn ) (diag(μn )−D0)
−1 . (59)

By routine calculations, we obtain

Ân = (diag(μn )− D̂0)−1
(
D̂1 + diag(μn )Ân+1Ân

)
.

(60)
Similar to the proof of Lemma 2, we construct the following

CTMC in (61) shown in the bottom this page. Equation (60)
implies that elements of Ân are the transition probabilities of
the phase of Q̂ during the fundamental period from level n to
n− 1. Consequently, Âne ≤ e, for n ≥ 1.

Rewrite the matrix on the right-hand side of the first equation
in (44) as

diag(μn )−D0 −D1An+1diag(μn )
= diag−1(ω)

(
diag(μn )− D̂

T

0 − Â
T

n+1diag(μn )
)

diag(ω)

= diag−1(ω)
(

diag(μn )− D̂0 − diag(μn )Ân+1

)T
diag(ω).

(62)
Similar to the proof of Lemma 2, it can be shown that matrix
diag(μn )− D̂0 − diag(μn )Ân+1 is invertible, which implies
that matrix diag(μn )−D0 −D1An+1diag(μn ) is invertible.
Therefore, An exists for all n ≥ 1. If A∞ and ξ∞ exist and are
finite, it is easy to verify that {ξ(n), n = N,N − 1, . . . , 1} and
{G(n), n = 1, 2, . . . , N} exist and are finite.

Given a policy μ, suppose that the values of {G(n), n =
1, 2, . . .} are computed using the above recursive procedure.
Based on the difference formula (27) and Theorem 2, we can
obtain an improved policy μ′ as follows: for 1 ≤ n ≤ N and
j = 1, 2, . . . ,m

μ′n,j =
{

0, if G(n, j) ≥ 0;
μmax
n,j , otherwise.

(63)

Q̂ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · ·
D̂1e D̂0 − diag(μ1) diag(μ1) 0 0 · · ·
0 D̂1 D̂0 − diag(μ2) diag(μ2) 0 · · ·
0 0 D̂1 D̂0 − diag(μ3) diag(μ3) · · ·
...

... · · · . . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (61)
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Algorithm 2: An iterative algorithm to find the optimal
service rate in MAP/M/1.

1) Initialize system parameters (m,D0 ,D1), μmax , φ, b,
and the initial policy μ′. Determine N , μmax

∞ , and dφ∞.
2) Compute Ã∞ and A∞ by using Algorithm 1. Compute

ξ∞ by using (55).
3) Repeat:

Let μ← μ′;
Compute {An , n = N,N − 1, · · · , 1} and
{ξ(n), n = N,N − 1, · · · , 1} with (44);
Set G(1) = ξ(1), compute
{Gn , n = 2, 3, · · · , N} by using (43);
Use (63) to generate a new policy μ′;

Until the stopping criterion μ = μ′ is satisfied.
4) Output μ as the optimal policy μ∗.

Therefore, by combining the above computation and opti-
mization procedures, we propose the following Algorithm 2 to
find the optimal policy μ∗ of the MAP/M/1 queue.

Algorithm 2 is an iterative algorithm that is similar to the
policy iteration in the MDP theory. The convergence of the
algorithm can be simply interpreted as follows. After the values
of G(n, j) are computed, we use (63) to generate a new policy
μ′. With the difference formula (27), we have

η′ − η =
N∑
n=1

m∑
j=1

(μ′n,j − μn,j )π′(n, j)G(n, j) < 0. (64)

Note that by comparing the above equation and (27), we find
that the summation of n is truncated from infinity to N , which
is guaranteed by the quasi-threshold property in Theorem 3.
The difficulty in computation due to the infinite dimension of
policy space is then avoided. Therefore, the long-run average
total cost is reduced after each iteration of Algorithm 2. Since
the size of the policy space is simplified to 2N×m , which is
finite, Algorithm 2 will stop after a finite number of iterations.
Theoretically, the worst case is that Algorithm 2 needs 2N×m

iterations. In most cases, Algorithm 2 converges to the optimal
policy within a very few iterations, which is also demonstrated
by the numerical experiments in Section V.

Remark 6: The computation of value functions is the most
important and time-consuming step of the policy iteration in
MDP. How to efficiently compute value functions is a funda-
mental problem in the MDP theory and it attracts a lot of research
effort, such as the function approximation and approximate dy-
namic programming [4]. Algorithm 2 utilizes the QBD structure
and the MAM techniques to recursively compute the value of
G(n, j), which is an analog generated from value functions.
Therefore, our approach extends the powerful computation ca-
pability of MAM to computing the value function in MDP. A
similar idea for computing the value function is utilized in [10].

Remark 7: 1) Although we assume that dφ(n) =dφ∞, for
n ≥ N in the algorithm, the optimal policy can be found if
dφ(n) ≥ 0 forn ≥ N . Intuitively, under the condition dφ(n) ≥
0 for sufficiently large n, the optimal policy μ∗n = μmax

n for
sufficiently large n. Thus, we can chooseN sufficiently large in

the algorithm to ensure that the resulting policy is optimal. 2)
While the requirement on dφ(n) for large n seems restrictive,
there is no condition on φ(n) and μmax

n for small and moderate
n. Thus, the application of the algorithm is not too restrictive.

Remark 8: Algorithms 1 and 2 are developed under the as-
sumption that dφ(n) is constant for n ≥ N , for some fixed N .
The algorithms can be used effectively under much weaker con-
ditions, as long as dφ(n) does not increase exponentially. The
reason is that the tail of the stationary distribution π of the QBD
process decays geometrically, if μn = μmax

∞ for n ≥ N . For
such a case, we choose φ̂(n) = φ(min{n,N}), for n ≥ 1. If
N is sufficiently large, the difference between the long-run av-
erage total costs corresponding to φ and φ̂ is negligible. Then,
we can use φ̂ instead of φ to conduct Algorithm 1. The policy
found by Algorithms 1 and 2 is optimal for both φ̂ and φ.

Until now, we have conducted a comprehensive investigation
of the service rate control problem in the MAP/M/1 queue. In
the rest of this section, we study some special situations where
the optimization problem can further be simplified.

C. Optimality of Threshold-Type Policy in M/M/1

We consider a special MAP/M/1 queue in which the MAP
has only one phase, i.e., m = 1. Thus, it becomes an M/M/1
queue. The arrival process is a Poisson process with rate λ. The
system state can be simplified from (n, j) to n. All the scripts
with phase status j can be omitted. The service rate is simplified
as μn , which is also called load-dependent service rate. Recall
that μmin

n = 0. The service rate control problem (15) can be
rewritten as

μ∗ = argmin
0≤μ n ≤μ m a x

n
n = 1 , 2 , . . .

{η}. (65)

The performance difference formula (27) is also rewritten as

η′ − η =
∞∑
n=1

(μ′n − μn )π′(n)G(n) (66)

where G(n) = g(n− 1)− g(n) + b.
Corollary 2: Since M/M/1 is a special case of MAP/M/1,

all the previous results still hold for the service rate control of
M/M/1. That is, Lemma 1, the monotonicity in Theorem 1, and
the optimality of the bang–bang control in Theorem 2 are also
correct for M/M/1.

Furthermore, we can prove the following theorem about the
optimality of the threshold-type policy for the service rate con-
trol problem (65) in M/M/1.

Theorem 4: For the service rate control of M/M/1, the op-
timal service rate μ∗n can have a threshold form. That is, there
exists a threshold N such that if n < N , μ∗n = 0; otherwise,
μ∗n = μmax

n .
Proof: Since Theorem 2 still holds for M/M/1, we see that the

optimal service rate μ∗n is either 0 or μmax
n , for all n = 1, 2, . . ..

Suppose for a specific n, say k, the optimal service rate is
μ∗k = 0. When the number of customers at the server reaches k,
the server will stop and n will increase definitely. That is, the
system state n will never drop below k. In other words, all the
system states n < k are transient. Since the transient state has
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no contribution to the long-run average total cost, we can set
μ∗n = 0 for all n < k. In summary, for any k with μ∗k = 0, we
have proved that μ∗n = 0 for all n < k. Repeating this process,
it is straightforward to show that there exists an N such that if
n < N , μ∗n = 0; otherwise, μ∗n = μmax

n . The optimality of the
threshold-type policy of the optimal service rate is proved.

Theorem 4 guarantees the optimality of the threshold-type
policy. Such a threshold-type policy is also called “N -policy”
in the literature of queueing theory. The threshold-type policy
is widely used since it is very simple and easy to implement in
practice. The optimality of such type policy is of significance
for both theoretical study and practical application. With The-
orem 4, the optimization complexity of the service rate control
problem (65) is reduced from an infinite-dimensional continu-
ous search space [0, μmax

n ]∞ to a one-parameter discrete search
space N ∈ {1, 2, . . .}. Note that in this section, we do not re-
quire that the holding cost should be nondecreasing, which is
usually required in the literature [24].

D. Analysis of Threshold-Type Policy in MAP/M/1

Although we have proved the optimality of quasi-threshold-
type policy under mild conditions in Theorem 3, the threshold-
type policy is not optimal for MAP/M/1 in general. However,
since the threshold-type policy is very simple and widely used
in practice, we limit our study to the threshold-type policy as a
special case in this section. That is, for the service rate control of
MAP/M/1, we adjust the service rate μn,j only according to the
queue length n, which is also called the load-dependent service
rate μn , n = 1, 2, . . .. We have μn,j = μn , μmax

n,j = μmax
n , and

μmin
n,j = 0, for all j = 1, 2, . . . ,m. On the other hand, since the

phase status j of the MAP is internal information, it is usually
unobservable. Therefore, it might be infeasible to adjust the
service rate considering the internal phase status j. The load-
dependent service rate μn is more feasible than μn,j in the real
world.

With the above assumption, the original service rate control
problem (15) can be simplified as follows:

N ∗ = argmin
N=1,2,···

{η}, where μn,j = 0, if n < N ;

μn,j = μmax
n , if n ≥ N. (67)

For the above optimization problem, we can still apply the
SBO theory and obtain the difference formula under differ-
ent threshold-type policies. Suppose the threshold is changed
from N to N ′. Without loss of generality, we assume N ′ > N .
According to the difference formula (27), we have

η′ − η =
N ′−1∑
n=N

m∑
j=1

(0− μmax
n,j )π′(n, j)G(n, j)

= −
N ′−1∑
n=N

μmax
n

m∑
j=1

π′(n, j)G(n, j). (68)

For the system with threshold N ′, we see that the system states
(n, j) with n < N ′ − 1 are all transient. Therefore, π′(n, j)
in (68) equals 0 when n < N ′ − 1. We obtain the following

simplified version of the performance difference formula when
the threshold is changed from N to N ′, N ′ > N

η′ − η = −μmax
N ′−1

m∑
j=1

π′(N ′ − 1, j)G(N ′ − 1, j). (69)

Although we derive the above difference formula for the op-
timization problem (67), we cannot develop a policy iteration
algorithm similar to Algorithm 2 to solve it. This is because the
load-dependent service rate in (67) makes the action selection
correlated at different states, which violates the requirement of a
standard MDP model [27]. Fortunately, we can still derive some
optimality properties for this optimization problem. When the
cost function and the system parameters are specified, we have
the following theorem after further analysis.

Theorem 5: If μmax
n,j are equal for all n = 1, 2, . . ., j =

1, 2, . . . ,m, and the holding cost φ(n, j) is nondecreasing in
n, then the optimal threshold is N ∗ = 1.

Proof: First, we consider a scenario where the threshold is
N = k and k > 1. We can see that all the states (n, j) with n <
k − 1 are transient and the server always has more than k − 1
customers after the system reaches steady state. The steady-
state distribution is denoted as π(n, j) and we have π(n, j) =
0 for any n < k − 1. Second, we consider another scenario
where the threshold is N = 1. The steady-state distribution is
denoted as π′(n, j). Since all of μmax

n,j are equal, the queueing
system in the first scenario is equivalent to the second scenario,
except the number of customers always has a gap k − 1. It
looks like these two scenarios are the same except that there
are k − 1 customers always waiting at the server forever in
the first scenario. That is, we have π(n+ k − 1, j) = π′(n, j),
for all n = 0, 1, 2, . . . and j = 1, 2, · · · ,m. Since the holding
cost φ(n, j) is nondecreasing in n, we have φ(n+ k − 1, j) ≥
φ(n, j). Therefore, we have f(n+ k − 1, j) ≥ f(n, j) for all n
and j. For the long-run average total cost, we have

η =
∞∑
n=0

m∑
j=1

π(n, j)f(n, j) =
∞∑

n=k−1

m∑
j=1

π(n, j)f(n, j)

=
∞∑
n=0

m∑
j=1

π(n+ k − 1, j)f(n+ k − 1, j)

≥
∞∑
n=0

m∑
j=1

π′(n, j)f(n, j) = η′, (70)

where η and η′ are the long-run average total cost in the first
scenario and the second scenario, respectively. Therefore, we
have N ∗ = 1 and the theorem is proved. �

Remark 9: In the literature, it is often required that the hold-
ing cost should be nondecreasing. In Section III and Theo-
rem 4, we can let the holding cost be any function in general. In
Theorem 3, we assume the holding cost is nondecreasing after
a sufficiently large N and we prove the optimality of quasi-
threshold-type policy. In Theorem 5, we assume the holding
cost is always nondecreasing and we prove the optimal thresh-
old is N ∗ = 1. The conditions in these three scenarios are more
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Fig. 1. Curve of the long-run average total cost w.r.t. the service rates.

and more strict, thus the associated optimality properties also
become more and more special.

V. NUMERICAL EXAMPLES

In this section, we conduct some numerical experiments to
gain insights into the queueing model of interest, especially the
optimal policy.

Example 1: First, we verify whether the monotonicity prop-
erty in Theorem 1 is correct in a numerical example. We consider
a MAP/M/1 queue with b = 10

m = 2, D0 =
(−2 0

1 −3

)
, D1 =

(
1 1
2 0

)
;

μmax =
(

3 3 3 3 3 3 3 · · ·
3 3 3 3 3 3 3 · · ·

)
; μmin = 0;

φ(n, j) = 10
n+1 + 3

√
n+ 10j, for n ≥ 0, j = 1, 2.

(71)

By routine calculations, we obtain ω = (0.75, 0.25). Thus, λ =
ωD1e = 2.

Without loss of generality, we arbitrarily choose the initial
service rates as their maximal values, i.e., set μn,j = 3 for all
n = 1, 2, . . . and j = 1, 2. We arbitrarily choose certain service
rates, say μ2,1 and μ5,1 , and change their values in the domain
[0, 3]. After numerical computation, we obtain Fig. 1 that il-
lustrates the curves of η w.r.t. μ2,1 and μ5,1 , respectively. The
red solid line represents the curve of η w.r.t. μ5,1 and it shows
that η is monotonically decreasing w.r.t. μ5,1 . The blue dashed
line represents the curve of η w.r.t. μ2,1 and it shows that η is
monotonically increasing w.r.t. μ2,1 . The triangles in Fig. 1 in-
dicate the optimal values of service rates in the current scenario.
Therefore, it is demonstrated that the average cost η is monotone
w.r.t. the service rate μn,j (Theorem 1) and the optimal service
rates are either 0 or μmax

n,j (Theorem 2).
Example 2 (Example 1 continued): We use the same param-

eter settings as those of Example 1, except we set φ(n, j) =√
n+ 10j. Therefore, the cost function is always nondecreas-

ing. To verify Theorem 5, we enumerate every threshold policy
fromN = 1 toN = 10 and obtain the system average costs un-

Fig. 2. Curve of the long-run average total cost w.r.t. the threshold
when φ(n, j) is nondecreasing.

Fig. 3. Curve of the long-run average total cost w.r.t. the threshold
when φ(n, j) is not always nondecreasing.

der different thresholds. From Fig. 2, we can see that the optimal
threshold is N ∗ = 1 and Theorem 5 is verified in this example.

Example 3 (Example 2 continued): As we discussed,
Theorem 5 requires that the holding cost φ(n, j) should be
always nondecreasing in n. When this condition is not satisfied,
the optimal threshold may not be N ∗ = 1. Below, we use
a numerical experiment to demonstrate this statement. We
choose the holding cost as φ(n, j) = 10

n+1 + 2
√
n+ 10j. Other

parameters are the same as those of Example 1. Obviously,
when n increases from 0 to ∞, φ(n, j) will first decrease and
then increase. We enumerate the threshold from N = 1 to
N = 10 and obtain the long-run average total costs under the
different thresholds. From Fig. 3, we can see that the optimal
threshold is N ∗ = 3, which is different from the result of
Theorem 5.

In Examples 2 and 3, we assume a threshold-type policy.
Actually, the optimality of the threshold-type policy cannot be
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guaranteed for a general MAP/M/1 queue, whereas the opti-
mality of the quasi-threshold-type policy is proved under mild
conditions in Theorem 3. In Examples 4–6, we conduct experi-
ments to verify Theorem 3 and Algorithms 1 and 2 for finding
the optimal policy.

Example 4: We consider a MAP/M/1 with b = 10

m=2, D0 =
(−0.1 0

0.2 −3

)
, D1 =

(
0.09 0.01
0 2.8

)
;

μmax =
(

3 5 4 4 2 3 3 4 2 2 2 · · ·
8 3 2 5 2 2 5 5 7 7 7 · · ·

)
;

μmin =0; φ(n, j) = 15
n+1 + 2

√
n+ 30j, for n ≥ 0, j = 1, 2.

(72)
By routine calculations, we obtain ω = (0.9524, 0.0476) and
λ = 0.2286. We can derive dφ(n) = O(1/

√
n) as n→∞. We

also have μmax
∞ = (2, 7)T , and dφ∞ = (0, 0)T . In computa-

tion, we choose φ̂(n) = φ(min{n,N}), for n ≥ 1 and some
sufficiently large N , say N = 35. As stated by Remark 8, if
N is sufficiently large, the difference between cost functions
corresponding to φ and φ̂ is negligible. We can use φ̂ instead
of φ to conduct Algorithm 1, where dφ̂∞ = (0, 0)T . By using
Algorithm 2, we obtain the optimal policy as

μ∗ =
(

0 0 0 0 0 3 3 4 2 2 2 · · ·
0 0 0 0 2 2 5 5 7 7 7 · · ·

)
. (73)

It is clear that the optimal policy μ∗ is of a quasi-threshold-
type. More specifically, μ∗ is of a strong quasi-threshold-type,
although it does not satisfy the condition in Corollary 1. If the
queue length is 5, whether or not the maximum service rate
should be used depends on the phase of the arrival process. We
use the MAM to compute the average total cost per unit time.
It is clear that the Markov process {(N(t), J(t)), t > 0} is a
level-independent QBD process. The stationary distribution π
has a matrix-geometric solution (see [19]). For this case, the
long-run average total cost is η∗ = 40.6958.

To gain insights into the queueing model and the optimal
policy, we consider the following variants. The main issue under
investigation is the impact of the phase on queueing analysis and
design. The motivation is that the phase of the MAP is fictitious
and unobservable in queueing operation. Thus, applicable policy
usually does not depend on the arrival phase. We next introduce
some service policies that do not depend on the phase of the
arrival process.

1) For the MAP/M/1 queue with policy μ, we construct
an M/M/1 model with a Poisson arrival process with
arrival rate λ and service rates (policy) μM/M/1 de-
fined as μM/M/1

n = min{(ωμ)n , μmax
n,j , j = 1, · · · ,m},

for n ≥ 1. The M/M/1 model has the same average ar-
rival rate as that of the MAP/M/1 queue. By comparing
the MAP/M/1 with policy μ and the M/M/1 with pol-
icy μM/M/1 , we explore the difference between sim-
ple and complicated queueing models. Note that the
M/M/1 queue with policy μM/M/1 is a special case of
the MAP/M/1 queue with policy μ.

2) For the MAP/M/1 queue, we apply policy μM/M/1 . For
policy μM/M/1 , the service rate depends only on the
queue length and is independent of the arrival phase.

TABLE I
LONG-RUN AVERAGE TOTAL COSTS FOR EXAMPLE 5

Model (policy) μ μM /M /1 (M/M/1) μM /M /1 (MAP/M/1) μω

η 40.6958 40.7004 40.7373 40.7348

TABLE II
LONG-RUN AVERAGE TOTAL COSTS FOR EXAMPLE 6

Model (policy) μ μM /M /1 (M/M/1) μM /M /1 (MAP/M/1) μω

η 35.2925 38.6545 40.8641 35.6888

Note that the MAP/M/1 queue with policy μM/M/1 is a
special case of the MAP/M/1 queue with policy μ.

3) For the MAP/M/1 queue with policy μ, we construct a
new service policy μω as follows. Given the queue length
n, the service rate is determined by the distribution ω and
μmax . That is, given N(t) = n, with probability ω(i),
the service type, denoted by I(t), is i (i.e., I(t) = i, i =
1, 2, . . . ,m) and the service rate is min{μn,I (t) , μ

max
n,J (t)}.

Again, we explore the impact of the use of phase in the
design of queueing models. For this model, the system can
be represented by {(N(t), J(t), I(t)), t > 0}, where I(t)
is the type of service (which can be viewed as a sample of
phase J(t) obeying distribution ω). This process is still
a QBD process and can be analyzed using MAM.

Example 5 (Example 4 continued): For Example 4, we com-
pute the long-run average total costs for the original system and
the three cases defined above, which are shown in Table I.

Table I demonstrates that the phase sensitive policies per-
forms better than others. On the other hand, it also shows that
the difference of the performance of these policies can be in-
significant.

Example 6: We consider a MAP/M/1 with b = 5, m = 3

D0 =

⎛
⎝−5 1 1

0 −3 0.5
0.1 0 −1

⎞
⎠ , D1 =

⎛
⎝ 1 0 2

1.5 0 1
0.1 0.1 0.7

⎞
⎠ ;

μmax =

⎛
⎝3 5 4 4 2 3 3 4 2 2 2 · · ·

8 3 2 5 2 2 5 5 7 7 7 · · ·
8 1 5 7 2 3 4 4 4 4 4 · · ·

⎞
⎠ ;

μmin = 0; φ(n, j) = 55
n+1 + 2n2 , for n ≥ 0, j = 1, 2, 3.

(74)
By routine calculations, we obtain ω = (0.0633, 0.0506,

0.8861) and λ = 1.1139. We also have μmax
∞ = (2, 7, 4)T , and

dφ∞ = (∞,∞,∞)T . To handle the difficulty caused by ∞
in the computation of Algorithm 1, similar to Example 4,
we choose φ̂(n) = φ(min{n,N}), for n ≥ 1, and some suf-
ficiently largeN , sayN = 35. For the cost function φ, we have
dφ(n) = O(n) if n→∞. As stated by Remark 8, ifN is suffi-
ciently large, the difference between long-run average total costs
corresponding to φ and φ̂ is negligible. We can use φ̂ instead of
φ to conduct Algorithm 1, where dφ̂∞ = (0, 0, 0)T . By using
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Algorithm 2, we obtain the optimal policy as

μ∗ =

⎛
⎝ 0 5 4 4 2 3 3 4 2 2 2 · · ·

0 3 2 5 2 2 5 5 7 7 7 · · ·
0 0 5 7 2 3 4 4 4 4 4 · · ·

⎞
⎠ .

(75)
The average total costs for the four models are given in
Table II.

Example 6 demonstrates, again, that the optimal phase-
dependent policy performs better than nonphase dependent poli-
cies. For this example, the nonphase policy μM/M/1 performs
significantly poorer than the optimal policy, when it is applied to
the MAP/M/1 queue. On the other hand, the sampling policy μω

performs close to the optimal policy. Example 6 demonstrates
that the benefit of considering the phase of the underlying pro-
cess, even if it is fictitious, can be significant in queueing opti-
mization. To handle the unobservability of phase status, we can
also resort to other theories, such as the partial observable MDP
[4], [11], [20] or the event-based optimization [5], [6], where we
make decision based on partial observable states or observable
events, instead of complete internal states. The optimization of
such problem is much more complicated and it deserves further
investigation.

VI. CONCLUSION

In this paper, we study the service rate control problem of the
MAP/M/1 queue. Matrix-analytic methods are used to introduce
a CTMC of queueing systems and recursively compute the fun-
damental quantity G(n, j). The SBO method is used to analyze
the optimality properties of the problem and develop an iterative
algorithm to find the optimal policy. We obtain a performance
difference formula that clearly describes how the long-run av-
erage total cost will change according to different service rates.
Based on the difference formula, some insightful properties are
derived, such as the monotonicity property and the optimality of
the bang–bang control. We further prove the optimality of quasi-
threshold-type policy under some mild conditions. A recursive
computation algorithm and an iterative optimization algorithm
are developed to find the optimal policy. The computation algo-
rithm utilizes the powerful techniques of MAM and it solves the
fundamental problem of efficiently calculating value functions
in MDP. The optimization algorithm utilizes the optimality of
quasi-threshold-type policy and it solves the difficulty of the
infinite dimensionality of optimization variables in MAP/M/1.
For some other special situations, we further study the optimal-
ity of threshold-type policy in M/M/1, which can be viewed
as a special MAP/M/1 with only one phase. The property of
threshold-type policy is also studied for MAP/M/1. Finally, we
use some numerical experiments to demonstrate the main results
of this paper. The impact of the phase of the customer arrival
process on the optimal policy is also studied through numerical
comparison.

This paper shows the potentials of combining MAM and SBO
theories to study the performance optimization of complicated
queueing models. For future work, we may further consider
the server assignment problem, where we aim to determine the
optimal number of working servers at every system state in a

MAP/M/c queue. This problem has similarity to the problem
studied in this paper. Another possible future topic is to study
the service rate control of MAP/M/1/K with finite buffer and
consider customer loss cost in the optimization problem. Some
other topics, such as the performance optimization of queueing
systems involving MAP arrival, PH service, etc., can further be
studied with similar ideas. We hope our paper can shed light on
those promising research topics.
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