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Service Rate Control of Tandem Queues
With Power Constraints
Li Xia, Senior Member, IEEE, Daniel Miller, Zhengyuan Zhou, and Nicholas Bambos

Abstract—In this paper, we study the optimal control of
service rates of a tandem queue with power constraints.
The service rate of a server is determined by the power
allocated to that server. The total power of the system
is fixed. The system cost is comprised of two parts, the
holding cost reflecting the congestion of queues and the
operating cost reflecting the power consumed at servers.
The optimization objective is to find the optimal power
allocation policy among servers, which can minimize the
system average cost. We formulate this problem as a
Markov decision process with a constrained action space.
Sensitivity-based optimization theory is applied to study
this problem. The necessary and sufficient condition of
optimal service rates, and the optimality of the vertexes
of the feasible domain are derived when the operating cost
has a linear or concave form. An iterative algorithm is further
developed to find the optimal service rates. This algorithm
may work well even when the cost function has a general
form. The extension to general tandem queues with many
servers is also studied. Finally, we conduct numerical experiments under different parameter settings to demonstrate
the main idea of this paper.
Index Terms—Service rate control, tandem queue,
power constraint, sensitivity-based optimization, convex
optimization.

I. INTRODUCTION
ERVICE rate control is a classical optimization problem of
queueing systems. The objective is to identify the optimal
policy that determines the optimal service rates of every server
at every state such that the system average performance can
be optimum. The service rate control problem can be applied to
study many practical problems, such as the resource allocation in
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communication, computer, transportation, inventory, healthcare,
etc. [11], [12], [24].
The service rate control problem has been extensively studied
in the literature, from a single-server model to a multi-server
model. Crabill [9] studies the service rate control problem of
an M/M/1 queue with K possible service rates and it is shown
that the optimal service rate is monotone (nondecreasing) in
the queue length under the assumption of nondecreasing cost
structure. For an M/G/1 queue with a linear cost structure, it is
proved that the N -policy is optimal: When the queue length is
smaller than N , shutdown the server, otherwise run the server
at the maximal service rate [14], [30]. Other similar policies,
such as D-policy (D is the cumulative service time) [4] and
T -policy (T is the length of idle period) [15], are also studied.
The service rate control problem of a two-node cyclic network
is studied under the background of flow control in computer
networks [18]. The monotone structure of optimal service rates
in a general cyclic queue is further obtained [26]. For a general
Jackson network, it is proved that when the cost function has
a linear structure, the system average performance is monotone
in the queue length and the bang–bang control is optimal [20],
[31]. In a recent study, it is further derived that the structure of
the cost function in Jackson networks can be extended to a concave form while the optimality of bang–bang control remains
valid [29]. There are also many other works that study the service rate control problem from the viewpoint of game theory
and economics [6], [10], [13], which is motivated by the pioneering work [21]. The optimization of state-dependent service
rate and arrival rate is investigated by [3], where the optimal
pricing problem is also studied for an M/M/1 queue. Furthermore, the structure of equilibrium and the price of anarchy of
a game of service rate control are studied for closed Jackson
networks [28].
There are also many studies about the service rate control for
a specific tandem queue (or called series queue). For a tandem
queue with two servers, Rosberg et al. [23] study a special case
where the optimization variable is the service rate of the first
server and the service rate of the second server is a constant.
If the system only has the holding cost, it is shown that the
optimal state-dependent service rate of server 1 has a structure of bang–bang control determined by a switch function of
the queue length at server 2. For a tandem queue with two servers
with a nondecreasing cost function, Liu et al. [19] prove that the
optimal service rates also have a nondecreasing structure with
respect to the queue length. Server allocation problem can be
viewed as a special case of service rate control, where the servers
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are dynamically allocated among service stations [2], [25]. For
a two-stage tandem queue with flexible servers, Kaufman et al.
[16] also show that the optimal number of servers to have in the
system is nondecreasing in the queue length. The optimality of
a server allocation policy similar to the bang–bang control is
also studied when the flexible servers are collaborative or noncollaborative [1]. Of course, there are certainly numerous other
studies about the service rate control of queueing systems in the
literature. However, in most of the prior studies, it is assumed
that the service rate can be adjusted in a certain value domain
and there is no resource constraint during the allocation process
of service rates.
In this paper, we study the service rate control problem of
tandem queues with a resource constraint. The contributions of
this paper are threefold. First, different from most of the unconstrained service rate control problems in the literature, one
key novel feature of our problem formulated in Section II is
the total resource constraint for service rate allocation: When
we adjust the service rate for each individual server, the sum of
service rates must not exceed the total resource available. Consequently, the control policy is required to satisfy the condition
that the sum of all the service resources (or service rates equivalently) allocated to every server is less than or equal to a given
resource constraint. This is an important problem with wide
applicability. For example, in a computer facility, the total computation resource is fixed and a commonly encountered task is
to optimally allocate the resources among different jobs running
in parallel. Such problems are called the scheduling of pipelines
in computer systems or service function chaining recently proposed in computer networks [17]. Such service chaining is an
important paradigm in cloud computing where the rich computational resources are provided by machines in a data center
(or data centers) and the jobs to be processed come from external paying customers. These jobs tend to be computationally
intensive and in general require multiple stages of processing
before being completed. Google Cloud Dataflow provides one
such example, where it is a fully managed pipelined service that
takes an incoming data processing job (either in stream or in
batch) and breaks it into multiple stages of the pipeline. More
specifically, we consider a tandem queue with a Poisson arrival
and exponential service times. The service rate of each server
is state-dependent, i.e., we can adjust the service rate when the
system state changes. The service resource (such as the power)
allocated to each server determines its service rate. The total
resource of the whole system is fixed. The system cost is comprised of two parts. One is the holding cost that reflects the cost
related to the system state, including a cost for congestion or
a fixed cost of the system. The other is the operating cost that
reflects the cost for resource consumption at that server.
Second, inspired by [7] and [8], we take a novel approach
of sensitivity-based optimization to identify the optimal service rate control policy such that the long-run average cost
of the tandem queue is minimized. Although the traditional
method of dynamic programming [5], [22] can also be used to
study this problem, it is difficult to derive optimality properties.
The dynamic programming is based on the Bellman optimality equation, which, despite an elegant conceptual framework,

Fig. 1.

Tandem queue with two servers.

suffers from the well-known curse of dimensionality: It is difficult to apply the Bellman optimality equation to study the
problem structure because the equation has high dimensions
and it becomes too complicated to handle when the system dimension grows. As a comparison, we use the sensitivity-based
optimization method and derive interesting optimality properties in Section III. Specifically, we derive a difference formula
that describes the relation between the system average cost and
the service rates adopted. With the difference formula, we can
clearly see how the system average cost changes when the service rates change. We prove that when the operating cost has
a concave structure, the optimal service rate can be reached at
a vertex of multidimensional polyhedron of feasible domain.
When the operating cost has a linear structure, we prove that
the system average cost is monotone in the service rate and the
optimal service rates also can be reached at a vertex of feasible
domain. When the operating cost has a convex structure, we can
decompose the original problem into a series of subproblems
that are convex and easy to solve. A selection rule of optimal
service rates is also derived, which is simply based on the value
distribution of variables about the difference of performance
potentials at neighbor states.
Third, leveraging the above analytical results, we further propose an iterative optimization algorithm in Section IV to find the
optimal service rate control policy. This algorithm is of policy
iteration type and it decomposes the optimization problem into
a series of subproblems that are easy to solve in different scenarios. We then conduct simulation experiments in Section V
to demonstrate the interesting behaviors of this optimization
problem under different parameter settings. It is verified that
our approach works well for various general forms of cost functions, while most of the studies in the literature require the cost
function to have a special form, such as nondecreasing or convex, etc. Our approach gives a promising way to study such
category of optimization problems in queueing systems.
II. PROBLEM FORMULATION
Consider a tandem queue with two servers, which is illustrated in Fig. 1. The customer arrival is a Poisson process with
rate λ. The service time of servers is exponentially distributed.
We denote the system state as n = (n1 , n2 ), where n1 and n2 are
the number of customers at server 1 and 2, respectively. The state
space is denoted as S, i.e., S := {all n| n1 , n2 = 0, 1, 2, . . .}.
The service rate of server i is state-dependent and it is denoted
as μi,n , i = 1, 2, n ∈ S. We further denote the vector of service
rates at state n as
μn := (μ1,n , μ2,n ).

(1)

The service discipline is first come first serve and the waiting
room is assumed infinite.

XIA et al.: SERVICE RATE CONTROL OF TANDEM QUEUES WITH POWER CONSTRAINTS

The system cost is comprised of two parts, the holding cost
and the operating cost. The holding cost reflects the penalty
for the congestion in the queueing system and possible fixed
costs of the system. We denote the holding cost rate function as ϕ(n), n ∈ S. In some literature, ϕ(n) is further assumed nondecreasing
and decomposable in queue length, such

as ϕ(n) = 2i=1 ni + cs , where the first part reflects the cost
for congestion and the second part cs is a fixed cost of the system. In this paper, we do not need such assumption, and ϕ(n)
can be any function. The operating cost reflects the power consumption at the server. The service rate μi,n is determined by the
power allocated to server i. If more power is allocated to server
i, then the service rate μi,n is bigger, and so is the operating
cost. We denote the operating cost rate function as φ(μn ) that
is increasing in μi,n , according to common rationales. Thus, the
total cost rate function of the tandem queue is as below:
f (n, μn ) = ϕ(n) + φ(μn ).

(2)

In some special cases, we will further specify the form of
φ(μn ) and assume that the service rate and the operating cost
are both linear to the power allocated at the server. That is, we
have
φ(μn ) = b1 μ1,n + b2 μ2,n + co

(3)

where co reflects a fixed cost to keep the system operating at
a minimal level. Therefore, the total cost rate function of the
system is further specified as below:
f (n, μn ) = ϕ(n) + b1 μ1,n + b2 μ2,n + co .

∀ n∈S

Value domain (triangle area) DU of service rates.

element μn ∈ DU , n ∈ S. Denote n(t) as the system state at
time t. Since the interarrival time and the service times are
exponential, n(t) is a continuous time Markov process. It is
difficult to figure out a necessary and sufficient condition for
the stability of the tandem queue. Here we give a sufficient
condition as follows. If there exists a constant k and for any state
n with ni > k, we always have μi,n > λ, then the tandem queue
is stable and the steady-state distribution exists. We denote the
steady-state distribution as an infinite dimensional row vector π,
where π(n) is the element of π and it represents the probability
that the system stays at n after the system reaches steady state.
We further denote f as an infinite dimensional column vector,
and its element f (n, μn ) as the cost function at state n. For an
ergodic Markov process (even a unichain), we have the long-run
average cost of the system as below:

(4)

For most cases considered in this paper, we will first conduct
the analysis for the general cost function (2), and then for the
specific form (4).
The total power to be allocated is limited. That is, the sum
of power at server 1 and 2 should be smaller or equal to a
constant. We assume that the service rate is linear to the power
allocated to that server. Therefore, a constraint on the total power
is equivalent to a constraint on the total service rates. That is,
we have the following constraint:
μ1,n + μ2,n ≤ U,

Fig. 2.
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(5)

where U is the maximal total service rates reflecting the total
power constraint. For the stability of queueing systems, the value
of U has to satisfy a necessary condition U > 2λ. On the other
hand, it is common to require that the server should run at least
with a minimal service rate when the queue is not empty. That
is, μi,n ≥ ui , where ui is the minimal service rate of server i.
Clearly, we have 0 ≤ ui  U . Therefore, the value domain of
the service rate vector μn is a two-dimensional triangle area
illustrated in Fig. 2. We denote the value domain as DU and we
have

DU :={(μ1,n , μ2,n )μ1,n +μ2,n ≤ U, μ1,n ≥ u1 , μ2,n ≥ u2 }.
(6)
Note that if ni = 0, we always have μi,n = 0, where i = 1, 2.
We denote the allocation policy of service rates as μ, which
is a mapping from the state space S to the value domain DU .
That is, μ is a vector composed of elements μn , with each

1
η = πf = lim
T →∞ T


0

T

f (n(t), μn(t) )dt.

(7)

Note that the values of η, π, and f are related to the service
rate allocation policy μ and we should denote them as ηµ , π µ ,
and f µ for the rigorousness of notations. However, to keep the
notation concise, we omit the subscript “µ .” Similar issues exist
for other notations in the rest of the paper.
The infinitesimal generator of the Markov process is denoted
as B. For a particular state, say n, it is easy to verify that the
row vector B(n, :) is as follows:
r B(n, n) = −λ − μ1,n − μ2,n ;
r B(n, (n1 + 1, n2 )) = λ;
r B(n, (n1 − 1, n2 + 1)) = μ1,n ;
r B(n, (n1 , n2 − 1)) = μ2,n ;
r B(n, n ) = 0 for all the other states n with n1 , n2 > 0.
For the case that n1 or n2 equals 0, it is easy to obtain the
element of B in a similar way. For example, if n1 > 0 and n2 =
0, we have B(n, n) = −λ − μ1,n ; B(n, (n1 + 1, n2 )) = λ;
B(n, (n1 − 1, n2 + 1)) = μ1,n ; B(n, n ) = 0 for all the other
states n . It is known that the steady-state distribution π can be
determined by the following equations:
πB = 0,
πe = 1

(8)

where e is an infinite dimensional column vector with all the
elements as 1.
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The optimization objective is to find the optimal policy μ∗
that minimizes the long-run average cost of the tandem queue.
μ∗ =

argmin

µn ∈DU , ∀n∈S

{η} .

In this section, we derive some optimality properties of this
constrained service rate control problem. These properties can
simplify the continuous and infinite action space to a discrete
and finite space while retaining the optimality.
First, we introduce the sensitivity-based optimization theory
for Markov systems [7], [8]. The key result is the performance
difference formula that quantifies the relation of the performance
of Markov systems and adopted policies. For the continuous
time Markov process defined in Section II, we have a column
vector performance potential g whose element g(n), n ∈ S, is
defined as below:

 T


[f (n(t), μn(t) ) − η]dtn(0) = n .
g(n) = lim E
0

(10)
The performance potential g is also called the relative value
function in the MDP theory [22]. We denote τn as the sojourn
time before the Markov process encounters the first state transition. According to the Markovian property, (10) can be rewritten
as
 B(n, n )
lim E
g(n) = [f (n, μn ) − η]E {τn } −
B(n, n) T →∞
n =n

T

τn



[f (n(t), μn(t) ) − η]dtn(τn ) = n

.

(11)

Since the sojourn time of a Markov process is exponentially
distributed and its mean is
E {τn } = −

1
B(n, n)

(14)

The above equation can be further rewritten as below since g
plus any constant is still a solution to the above equation
(B − eπ)g = −f

(15)

where we let πg = η and the matrix (B − eπ) is invertible
when the Markov process is a unichain.
Suppose the allocation policy is changed from μ to μ , and
the two-element tuple of the Markov system is also changed
from (B, f ) to (B , f ). Denote π and η as the steady-state
distribution and the system average cost under the new policy
μ , respectively. Left-multiplying π on both sides of (14), we
have
−π Bg = π f − η.

(16)

Since π B = 0 and π f = η , the above equation can be
further rewritten as below:

III. MAIN RESULTS



−Bg = f − ηe.

(9)

Since the arrival process and the service time both have the
Markovian property, the above optimization problem can be
viewed as a Markov decision process (MDP). The action is
the value of service rates at the current state and the action
space is the continuous multidimensional value domain DU .
Therefore, both the action space and the state space are infinite,
and so is the policy space. The control policy μ can be viewed
as a parameterized policy. The traditional approaches of the
MDP theory are difficult to apply because of the continuous
and high-dimensional policy space. In the next section, we use
the sensitivity-based optimization theory to study the optimality
structure of this problem and develop an efficient algorithm to
find the optimal policy.

T →∞

We can further rewrite the above equation in a matrix form
and obtain the following Poisson equation:

(12)

we substitute the above equation and (10) into (11) and obtain
the following recursive equation:

B(n, n)g(n) = −[f (n, μn ) − η] −
B(n, n )g(n ).
n =n

(13)

η − η = π [(B − B)g + (f − f )] .

(17)

This equation is called the performance difference formula
that quantifies the change of the Markov system performance
when the policy or parameters change. In (17), the value of g
can be computed based on (15) or estimated from the sample
path based on (10). Although we do not know the exact value
of π under every possible new policy μ , the element of π
is always positive for ergodic Markov systems. If we choose
a proper (B , f ) such that the element of the column vector
represented by the square bracket in (17) is always nonpositive,
then we have η − η ≤ 0 and the system average cost is reduced.
Since the values of B and f have been determined in
Section II, we substitute the value of B and (2) into (17) and
obtain

π (n) (μ1,n − μ1,n )[g(n1 − 1, n2 + 1)
η −η =
n∈S

−g(n1 , n2 )] + (μ2,n − μ2,n )[g(n1 , n2 − 1)
−g(n1 , n2 )] + φ(μn ) − φ(μn )

(18)

where we note that if ni = 0, then we always have μi,n =
μi,n = 0 for any i = 1, 2 and the corresponding part in the
above equation should be removed.
For simplicity, we further define another two quantities as
below:
G(n, 1) := g(n1 − 1, n2 + 1) − g(n1 , n2 );
G(n, 2) := g(n1 , n2 − 1) − g(n1 , n2 )

(19)

where we set G(n, i) = 0 if ni = 0, for any i = 1, 2. We substitute (19) into (18) and obtain

η −η =
π (n) (μ1,n − μ1,n )G(n, 1)
n∈S

+ (μ2,n − μ2,n )G(n, 2) + φ(μn ) − φ(μn ) . (20)
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The above difference formula describes the relation between
the average system cost and the service rates. It gives a clear and
efficient way to study the optimality properties and optimization
algorithms for this constrained service rate control problem.
With (20), we can derive a policy improvement step that is
equivalent to the policy iteration in the MDP theory. That is,
based on the current policy μ, we can construct a new policy as
follows:
μn = argmin {μ1,n G(n, 1) + μ2,n G(n, 2) + φ(μn )} (21)
µn ∈DU

for all n ∈ S. Substituting the above equation into (20), we
can find η − η ≤ 0 since π (n) is always positive. If at certain
state n, the minimal value obtained in (21) is different from
that associated to the current action μn , we can find η − η < 0
and the average cost is strictly reduced. This is also the key
idea of the policy iteration, explained from the perspective of
the difference formula (20). Based on this idea, we can directly
obtain the following necessary and sufficient condition of the
optimal service rates.
Theorem 1: μ is the optimal service rates, if and only if it
satisfies
μ1,n G(n, 1) + μ2,n G(n, 2) + φ(μn ) ≤
μ1,n G(n, 1) + μ2,n G(n, 2) + φ(μn )

(22)

for any μn ∈ DU and n ∈ S.
The proof of this theorem is straightforward based on the difference formula (20) and we omit it for simplicity. If the structure
of the cost function is more specific, we can further derive the
following theorem about the property of optimal service rates.
Theorem 2: If the operating cost rate function φ(μn ) is linear to the service rate μi,n , then the system average cost η is
monotonic w.r.t. μi,n , i = 1, 2 and n ∈ S.
Proof: Since φ(μn ) is linear to μi,n , we know that the cost
function has the form as (4). Substituting (4) into (20), we obtain

η −η =
π (n) (μ1,n − μ1,n )[G(n, 1) + b1 ]
n∈S

+ (μ2,n − μ2,n )[G(n, 2) + b2 ] .

(23)

Without loss of generality, we assume that at a particular state
n, the service rate μ1,n is changed to μ1,n and other service rates
remain unvaried. Therefore, the difference formula becomes
η − η = π (n)(μ1,n − μ1,n )[G(n, 1) + b1 ].

(24)

On the other hand, we reversely assume that the current service rate of server 1 at the particular state n is μ1,n , while all the
other service rates are the same as the above. If μ1,n is changed
to μ1,n and other service rates remain unvaried, we have the
following difference formula:
η − η = π(n)(μ1,n − μ1,n )[G (n, 1) + b1 ].

(25)

Comparing (24) and (25), we have
G (n, 1) + b1
π (n)
> 0.
=
G(n, 1) + b1
π(n)

(26)
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That is, the sign of G (n, 1) + b1 and G(n, 1) + b1 are the
same if we only change the value of μ1,n . Based on (24), we
can easily derive the performance derivative formula as below:
∂η
= π(n)[G(n, 1) + b1 ].
∂μ1,n

(27)

If we change the service rate μ1,n to μ1,n at the particular
state n while keeping the service rates at other states unvaried,
the corresponding derivative formula becomes
∂η
= π (n)[G (n, 1) + b1 ].
∂μ1,n

(28)

Since the sign of G (n, 1) + b1 and G(n, 1) + b1 are the
same, the sign of derivative ∂ μ∂1η, n will also remain unvaried if
we only change the value of μ1,n . That is, η is monotonic w.r.t.

μ1,n . The theorem is proved.
With Theorem 2, we can see that the optimal service rates
can be reached at the boundary of the feasible domain. If the
operating cost is not linear, the monotonicity property may not
hold. With further study, we derive the following theorem to
describe the optimality property of optimal service rates.
Theorem 3: Assume φ(μn ) is concave in μi,n . If the value
of μj,n is given, then the optimal value of μi,n can be either ui
or U − μj,n , where i, j = 1, 2 and j = i, n ∈ S, ni > 0.
Proof: Without loss of generality, we choose i = 1 and j =
2. The following analysis is also valid for the case i = 2 and
j = 1 and we omit it for simplicity. Thus, φ(μn ) is a concave
function of μ1,n . Since the value of μ2,n is given, we can rewrite
(21) as below:
μ1,n = argmin {μ1,n G(n, 1) + μ2,n G(n, 2) + φ(μn )}
μ 1 , n ∈[u 1 ,U −μ 2 , n ]

= argmin {μ1,n G(n, 1) + φ(μn )} ,

μ 1 , n ∈[u 1 ,U −μ 2 , n ]

n ∈ S. (29)

Obviously, the function μ1,n G(n, 1) + φ(μn ) is also concave in μ1,n since G(n, 1) is a constant. Therefore, the minimum of the above problem can be achieved at the boundary
of its value domain, i.e., u1 or U − μ2,n . With Theorem 1, we
know that the optimal service rate of μ1,n can be either u1 or

U − μ2,n . The theorem is proved.
Remark 1: Theorems 2 and 3 indicate that the optimal service rates of this problem have a structure of bang–bang control
when φ(μn ) is linear or concave.
Remark 2: The result in Theorem 3 is also valid for the model
in Theorem 2, since a linear function is also concave.
With Theorem 3 and Remark 2, we can further derive the
following theorem to reduce the feasible domain from DU to its
vertexes.
Theorem 4: If φ(μn ) is differentiable and concave (including linear) w.r.t. μi,n , then the optimal service rates (μ∗1,n , μ∗2,n )
can be selected from a three-element set Dv := {(u1 , u2 ), (U −
u2 , u2 ), (u1 , U − u1 )}, instead of the triangle domain DU ,
where n1 , n2 > 0.
Proof: Since φ(μn ) is concave, Theorem 3 and Remark 2 are
valid. Therefore, the interior area of the triangle can be removed
from the value domain. Below, we prove that the edges of the
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Refined value domain Dv (three points A,B,C) of service rates.

triangle (A, B, C) in Fig. 3 can be further reduced to its
vertexes {A, B, C}.
Assume the optimal service rate is located at an interior point
of line AB. With Theorem 3, we know that the optimal value of
μ1,n can be u1 or U − u2 . That is, the optimal service rate can
be reduced to the end points A or B. For the case of line AC,
the proof is similar. Now assuming that the optimal service rate
is located at an interior point of line BC, we use the derivative
comparison to study this case. Similar to (27), we have the
derivative formula as below:
∂η
∂ μ1 , n
∂η
∂ μ2 , n

= π(n)[G(n, 1) +
= π(n)[G(n, 2) +

∂φ
∂ μ 1 , n ],
∂φ
∂ μ2 , n ]

(30)

where φ(μn ) is differentiable w.r.t. μ1,n and μ2,n . At the current
point, if ∂ μ∂1η, n ≤ ∂ μ∂2η, n , we can move downward along line BC
to obtain a reduced η; otherwise, we can move upward along
line BC. This contradicts with the assumption that the current
interior point is the optimal service rates. Therefore, the optimal
value can be found at the end points B or C. In summary, the
optimal value of service rates can be found in the vertexes set

Dv , as illustrated in Fig. 3. The theorem is proved.
Therefore, if φ(μn ) is concave, the searching space of optimal
service rates can be reduced from the triangle area DU in Fig. 2
to the three-element set Dv in Fig. 3. This is a significant saving
of computation resources for optimization algorithms.
With Theorem 4 and the derivative formula (30), we can
further derive the following corollary to specify the optimal
value of service rates.
Corollary 1: Assume φ(μn ) is differentiable and concave
w.r.t. μi,n . If the current service rate control policy is optimal,
then we have the following.
1) If G(n, 1) + ∂ μ∂1φ, n ≤ G(n, 2) + ∂ μ∂2φ, n and G(n, 1) +
∂φ
∂ μ1 , n

< 0, then (μ∗1,n , μ∗2,n ) = (U − u2 , u2 ).

2) If G(n, 1) +
3)

∂φ
∂φ
∂ μ 1 , n ≥ G(n, 2) + ∂ μ 2 , n and G(n, 2) +
∂φ
∗
∗
∂ μ 2 , n < 0, then (μ1,n , μ2,n ) = (u1 , U − u1 ).
If G(n, 1) + ∂ μ∂1φ, n ≥ 0 and G(n, 2) + ∂ μ∂2φ, n ≥ 0, then
(μ∗1,n , μ∗2,n ) = (u1 , u2 ).

The proof of the above corollary is straightforward based on
the proof procedure of Theorem 4. For simplicity, we omit the
details.
With Corollary 1, we see that the distribution of the optimal
value of service rates (μ∗1,n , μ∗2,n ) is illustrated in Fig. 4, where

Fig. 4. Optimal value of service rates (μ ∗1 , n , μ ∗2 , n ) in different zones of
(x1 , x2 ).

we define auxiliary variables x1 and x2 as follows:
x1 := G(n, 1) +
x2 := G(n, 2) +

∂φ
∂ μ1 , n ,
∂φ
∂ μ2 , n .

(31)

Remark 3: If ni = 0 and nj > 0, then μi,n = 0 and the value
domain of μj,n is [uj , U ]; the result in Theorem 3 is still valid
and the value of μ∗j,n in Theorem 4 is either uj or U , where
i, j = 1, 2 and i = j.
Remark 4: When φ(μn ) is convex w.r.t. μn , the monotonicity and the optimality of bang–bang control in Theorems 2 and
3 may not hold. The optimal service rate may be found in the
interior area of DU , not necessarily on the boundary. Since
the feasible domain DU is a convex set, the policy improvement (21) becomes a convex optimization problem. We can
easily solve (21) to conduct the policy improvement iteratively.
For example, if φ(μn ) = c0 + b1 μ21,n + b2 μ22,n , (21) becomes
a quadratic problem that has a closed-form solution. We may
also study the optimality property with further analysis.
We have now completed a comprehensive study for this
resource-constrained service rate control problem, including the
cases where the operating cost rate function φ(μn ) is linear,
concave, or convex. If φ(μn ) is linear or concave, we have
all the above optimality properties that help greatly reduce
the optimization complexity. If φ(μn ) is convex, although
these properties may not hold, the original-constrained service
rate control problem may be decomposed into a series of convex
optimization problems (21) that are easy to solve.
IV. ALGORITHM AND EXTENSION
In the previous section, we have a detailed study on this
power-constrained service rate control problem in the two-server
tandem queue. In this section, we give an iterative algorithm
to find the optimal control policy for service rates. We also
further discuss some extension issues that are related to practical
applications.
A. Optimization Algorithm
Based on the main results derived in Section III, especially
the difference formula (20) and Theorem 1, we can develop
the following Algorithm 1 to find the optimal control policy of
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Algorithm 1: An iterative algorithm to find the optimal service rates.

r Initialize: Choose any initial service rate policy μ(0) , and set k = 0.
r while stopping criterion μ(k ) = μ(k −1) or μ(k ) − μ(k −1) ∞ <  is unsatisfied, do

Numerically compute or estimate the value of G(n, i)’s based on (19), ∀n ∈ S and i = 1, 2.
for every state n, do
if n1 > 0 and n2 > 0, then
(k +1)

(k +1)

(μ1,n , μ2,n ) =

argmin
(μ 1 , n ,μ 2 , n )∈DU

μ1,n G(n, 1) + μ2,n G(n, 2) + φ(μ1,n , μ2,n ) ,

(32)

where DU becomes Dv = {(u1 , u2 ), (U − u2 , u2 ), (u1 , U − u1 )} if φ(·) is concave;
else if n1 = 0 and n2 > 0, then
(k +1)

μ1,n

(k +1)
μ2,n

= 0,
= argmin
μ 2 , n ∈[u 2 ,U ]

μ2,n G(n, 2) + φ(0, μ2,n ) ,

(33)

where [u2 , U ] becomes {u2 , U } if φ(·) is concave;
else if n1 > 0 and n2 = 0, then
(k +1)

μ1,n

(k +1)

μ2,n

= argmin
μ 1 , n ∈[u 1 ,U ]

μ1,n G(n, 1) + φ(μ1,n , 0) ,

(34)

= 0,

where [u1 , U ] becomes {u1 , U } if φ(·) is concave;
else if n1 = 0 and n2 = 0, then
(k +1)

μ1,n

(k +1)

= μ2,n

= 0.

(35)

end if
end for
k ← k + 1;
end while
r Output μ(k ) as the optimal service rates of the tandem queue.
service rates for this resource-constrained tandem queue. Note
that the subproblems (32) in Algorithm 1 are easy to handle
even if φ(·) is not linear or concave, but a general differentiable
function. One of the direct ways is by computing all the stationary points for the objective function in (32) and selecting the
one with the minimal value. The stationary point is computed
by letting the derivatives in (30) equal 0, or simply letting x1
and x2 in (31) equal 0. In (31), the value of G(n, i), n ∈ S
and i = 1, 2, can be numerically computed or online estimated
based on the sample path, which is the same as the algorithms to
obtain the performance potentials or value functions in Markov
systems (details can be referred to the book [7, Chapters 3
and 5]).
The convergence of Algorithm 1 can be studied based on
the necessary and sufficient condition of optimal policy in
Theorem 1. Actually, Algorithm 1 can be viewed as a specific
version of the policy iteration in the traditional MDP theory, except that the policy in the above algorithm is a parametric one.
Therefore, the detailed discussion on algorithmic properties of
Algorithm 1 is omitted. Interested audience can refer to [22].
B. Truncation of Infinite Buffer
When we want to apply the main results in Section III and
Algorithm 1 to real problems, we may encounter some practical

issues. The first issue is about the infinite size of the state space.
All the results in Section III are derived under the assumption of infinite buffer size. That is, the state space S is infinite.
Although the structure analysis of an infinite-dimensional optimization problem is desirable, we have a computation issue
when we compute the value of G(n, i) for all n ∈ S, which is a
fundamental quantity in the policy improvement such as (21). It
is always difficult to compute the value of a variable with infinite
dimensions. We have to resort to some approximation methods
to handle this issue. In this paper, we use the truncation technique to approximate the infinite buffer as a finite buffer. That
is, we truncate the system state when the queue length is large
enough. The reasonability of such truncation lays in the fact that
the steady-state probability usually decreases exponentially in
queue lengths for a stable queueing system. Thus, the effect of
these system states with large queue lengths is ignorable. More
specifically, the truncation used in our problem is defined as
below. We assume that the buffer sizes of servers 1 and 2 are
N1 and N2 , respectively. When the buffer of server 2 is full,
its preceding node, server 1, will stop service. We call this a
blocking scheme. When the buffer of server 1 is full, any newly
arriving customer will be rejected by server 1. With such truncation, the system state space is finite and we can numerically
compute all the values of G(n, i) in this truncated state space.
Obviously, when Ni is large, the approximation error caused
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by truncation will be small enough to ignore. In Section V, we
conduct a comparison of optimal performance under different
values of Ni , which demonstrates the reasonability of truncation
with large Ni , i = 1, 2.
Since the buffer is finite, people may further consider a rejection cost caused by customer losses, besides the holding and
operating costs defined in (2). The rejection cost happens when
n1 = N1 and any new arrival will be rejected. We may define
the rejection cost rate function as below:
ψ(n) = r1 λ1(n 1 =N 1 )

(36)

where 1(·) is the indicator function and r1 is the unit rejection
cost per customer rejected. The total cost rate function in (2)
should be updated as

Fig. 5. Value domain (tetrahedron space covered by red lines) DU of
service rates in a tandem queue with three servers.

f (n, μn ) = ϕ(n) + ψ(n) + φ(μn ).

tandem queue with more than two servers. In this section, we
give a preliminary study on this extension.
Consider a tandem queue with M servers. All the parameters
are similar to those in Section III. The
service rates of servers
satisfy the constraint μi,n ≥ ui and M
i=1 μi,n ≤ U , ∀n ∈ S
and i = 1, 2, . . . , M . We can verify that the value domain of
service rates DU is an M -dimensional polyhedron, which can
be viewed as a high-dimensional analog of the triangle area
depicted in Fig. 2. For example, if M = 3, we can find that DU
is a tetrahedron, as illustrated in Fig. 5.
All the analysis in Section III can be conducted for this M server tandem queue in a similar way. Without rigorous proof,
we give the updated version of difference formula (20) as below:
M


π (n)
(μi,n −μi,n )G(n, i)+φ(μn )−φ(μn )
η −η =

(37)

We can see that the rejection cost ψ(n) is similar to the
holding cost ϕ(n), both have no relation to service rates. We
can view ψ(n) as a special part of ϕ(n) and define a new
holding cost ϕ (n). Introducing the rejection cost ψ(n) does
not bring difficulties to our optimization problem. All the results
in Section III still hold and we only need to replace ϕ(n) with
a new defined ϕ (n) := ϕ(n) + ψ(n) throughout the analysis.
Moreover, we have to pay attention to another issue caused by
the blocking scheme. When n2 = N2 and server 1 is blocked,
the term (μ1,n − μ1,n )[g(n1 − 1, n2 + 1) − g(n1 , n2 )] in (18)
should be removed since μ1,n is fixed at 0 and n2 + 1 is out of
the range of buffer size. In other words, we define
G(n, 1) := 0 and μ1,n := 0,

if n2 = N2 .

(38)

We should substitute (38) into all the analysis in Section III
when the buffer size is finite. All the theorems and remarks in
Section III still hold.
C. System Ergodicity
Another issue is about the ergodicity of the system. When
the minimal service rate ui > 0 and the queueing system is
stable, the underlined Markov system is always ergodic. When
ui = 0 and some service rates may reach 0, it is possible that
the Markov system is not ergodic. When the Markov system is
not ergodic but a unichain, all the analysis in Section III still
hold. When the Markov system is a multichain, the correctness
of the analysis in Section III may need further investigation,
which is out of the scope of this paper. In order to simplify
the difficulty caused by the nonergodicity, we assume ui >
0 during the simulation experiments in the next section. We
can choose a very small ui to approximate the case that the
service rate may reach 0. This approximation is reasonable since
most of the average performance of common systems in real
world will change continuously when the minimal service rate
is approaching to 0.
D. Tandem Queue With Many Servers
In this paper, we study the tandem queue with only two
servers. It is desirable to extend our analysis to a general

n∈S

i=1

(39)

where G(n, i) is defined similarly as below:
G(n, i) := g(n−i ) − g(n)

(40)

where n−i is called a neighboring state of n and it is defined as
below:
n−i := (n1 , . . . , ni − 1, ni+1 + 1, . . . , nM ),
n−i := (n1 , . . . , nM − 1), i = M

i ≤ M − 1;

(41)
where ni > 0, i = 1, . . . , M . If ni = 0, we define μi,n = 0 and
G(n, i) = 0.
Based on the new difference formula (39), we can derive the results similar to Theorems 1 and 2 after necessary modifications. Theorem 3 is also similar except that we
have to modify the statement as, given all μj,n with j = i,

the optimal value of μi,n is either ui or U − M
j =i μj,n .
Theorem 4 is also similar except Dv := {(u1 , . . . , uM ), (U −
M
M
j =1 uj , u2 , . . . , uM ), . . . , (u1 , · · · , uM −1 , U −
j =M uj )}
which represents the vertexes of the polyhedron DU . For
Corollary 1, the main idea should be modified as follows, let
the server i with the minimal negative value of G(n, i) + ∂ μ∂ iφ, n

choose U − M
j =i uj and let other servers choose minimal service rates; if all G(n, i) + ∂ μ∂ iφ, n are nonnegative, let all servers
choose minimal service rates.
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Fig. 6. Output policy of Algorithm 1 when the cost function is φ(µn ) = μ 1 , n + μ 2 , n and ϕ(n) = n 1 + n 2 . The algorithm converges in three
iterations. (a) Iteration 1, η (1 ) = 3.8678. (b) Iteration 2, η ∗ = 3.6304.

Note that all the above statements are based on the extension
of our analysis on the tandem queue with two servers. Such
extension seems natural and we ignore the rigorous proof due to
limited space. It may motivate our future study on more general
cases, such as cyclic queues or even Jackson networks. In the
next section, we still focus our numerical study on the tandem
queue with two servers, since it is more intuitive to present the
optimization data in a two-dimensional plane.
V. SIMULATION STUDY
In this section, we conduct some numerical experiments to
demonstrate the correctness of our results and the efficiency of
our optimization algorithm. The experiments are categorized
according to different forms of operating cost and holding cost.
A. Linear Operating Cost
In this section, we study the case where the operating cost
rate function has a linear form as (3). That is, we use (4) as the
total cost rate function. Therefore, the main results in Section III
always hold for this linear operating cost. Substituting (3) into
Algorithm 1, we can rewrite the formulas (32)–(34) as below,
respectively:
(k +1)

(k +1)

(μ1,n , μ2,n ) =

argmin
(μ 1 , n ,μ 2 , n )∈Dv

μ1,n [G(n, 1)+b1 ]+μ2,n [G(n, 2)+b2] .
(42)
(k +1)

= 0,

(k +1)

= argmin

μ1,n
μ2,n

(k +1)

μ1,n

(k +1)

μ2,n

μ 2 , n ∈{u 2 ,U }

= argmin
μ 1 , n ∈{u 1 ,U }

= 0.

μ2,n [G(n, 2) + b2 ] . (43)
μ1,n [G(n, 1) + b1 ] ,
(44)

Below, we conduct some numerical examples where the holding cost and the value of parameters are different.
Example 1 Linear Operating Cost and Linear Holding Cost:
First, we consider an example where the holding cost rate
function is simply the sum of queue lengths in these two
servers. The parameter setting is as follows:
1) Operating cost rate: φ(μn ) = μ1,n + μ2,n .
2) Holding cost rate: ϕ(n) = n1 + n2 .
3) Arrival rate: λ = 1.
4) Buffer limit: N1 = N2 = 10.
5) Resource limit: U = 3, u1 = u2 = 0.01.
We initialize the policy iteration algorithm with a simple
constant policy μ1,n = μ2,n = U/2, ∀ n ∈ S. This yields an
initial average cost η (0) = 5.7939. The algorithm is executed
after the specification with (42)–(44) and it converges in three
iterations. The policy and the associated average cost of the last
two iterations are shown in Fig. 6, where the gray color means
μn = (U − u2 , u2 ), the white color means μn = (u1 , U − u1 ),
and the black color means μn = (u1 , u2 ).
From Fig. 6(b), we see that the optimal policy for this
example allocates no power when both queues are empty (the
black block), always favors queue 2 when it is not empty
(the white block), and favors queue 1 only when queue 2 is
empty (the gray block). The form of this optimal policy is very
simple and it is easy for participators to adopt in practice. Of
course, such a form of the optimal policy may depend on the
value of system parameters. By changing different values of
b1 and b2 , we find that the optimal policy has other two forms
besides that in Fig. 6(b): one is always allocating the minimal
power for both queues when b1 and b2 are large enough, i.e.,
the policy map is similar to Fig. 6(b) by replacing with all
black color; the other is always allocating the minimal power
to queue 1 and allocating the maximal power to queue 2 if it
is not empty, when b1 is much larger that b2 , i.e., the policy
map is similar to Fig. 6(b) by replacing gray color with black
color. In these cases, we see that queue 2 always has a higher
priority than queue 1. This is reasonable if we notice the
fact that if ϕ(n) = n1 + n2 , a service completion at queue 1
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Fig. 7. Optimal policy found by Algorithm 1 using the same parameters as those in Fig. 6, except the holding cost ϕ(n) is different. (a) Optimal
policy for case ϕ(n) = 2.1n 1 + n 2 . (b) Optimal policy for case ϕ(n) = 10n 1 + n 2 .

Fig. 8. Output policy of Algorithm 1 in the last 2 iterations when the cost function is φ(µn ) = μ 1 , n + μ 2 , n and ϕ(n) = n 21 + n 22 . The algorithm
converges in three iterations. (a) Iteration 1, η (1 ) = 6.8687. (b) Iteration 2, η ∗ = 6.6434.

cannot reduce the current holding cost. Therefore, we prefer
to allocate more power to queue 2 to reduce n2 , and therefore
reduce ϕ(n).
On the other hand, we study the truncation error by increasing
the buffer size to N1 = N2 = 20. As discussed in Section IV-B,
we use the truncation technique to avoid the computation difficulty caused by the infinite dimensional variable G(n, i). We
hope such truncation error is small enough for practical applications. In this simulation experiment, we find that the optimal
performance under this new truncation is η ∗ = 3.6671, which
has only 1% relative error compared with the previous experiment listed above.
We further change the form of the holding cost rate
function to see any possible change of the optimal policy.
We conduct numerical experiments using the same parameter
setting as above, except the holding cost is set as ϕ(n) =
2.1n1 + n2 and ϕ(n) = 10n1 + n2 , respectively. We run

Algorithm 1 and obtain the following optimal policies for these
two cases. From Fig. 7, we see that we prefer to allocate more
power to queue 1 since the cost weight of n1 is larger than that
of n2 . By comparing (a) and (b) in Fig. 7, we further find that
when the cost weight of queue 1 is higher, the optimal power
allocation policy favors queue 1 at more states.
Example 2 Linear Operating Cost and Convex Holding
Cost: We study another example where the holding cost rate
function is a convex function as below:
1) Holding cost rate: ϕ(n) = n21 + n22 ;
2) Other parameters are the same as those in Example 1.
We also initialize Algorithm 1 with the simple constant policy
μ1,n = μ2,n = U/2, ∀ n ∈ S, and the associated initial average
cost is η (0) = 18.5997. Algorithm 1 is executed using (42)–(44)
and it converges in three iterations. The output policies of the last
two iterations are illustrated in Fig. 8. We see that the optimal
policy is different from that in Fig. 6. In Fig. 8, the optimal policy
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Solution to the convex optimization problem (45). (a) Concentric point is in the feasible domain DU . (b) Concentric point is not in DU .

favors queue 1 at some states because a customer departure from
queue 1 can reduce the holding cost ϕ(n) = n21 + n22 more than
a customer departure from queue 2 at these states.
B. Convex Operating Cost
When the operating cost is concave, we have similar results
to those of linear case in Section V-A, and we omit it for simplicity. In this section, we study another case where the operating cost rate function φ(μn ) is convex. Although the results in
Theorems 2–4 may not hold, we can still use Algorithm 1 to find
(μ ∗1 , n , μ ∗2 , n ) in the
the optimal policy. The subproblems (32)–(34) in Algorithm 1 Fig. 10. Curved surface of optimal service rates
state space when the cost function is φ(µn ) = μ 21 , n + μ 22 , n and ϕ(n) =
are convex optimization problems that are easy to solve.
n1 + n2 .
Example 3 (Convex Operating Cost and Linear Holding Cost):
We choose the system parameters of the numerical example as
solution to (45) as
follows:
G(n, 1) G(n, 2)
1) Operating cost rate: φ(μn ) = μ21,n + μ22,n .
(μ∗1,n , μ∗2,n ) = (−
,−
).
(47)
2) Other parameters are the same as those in Example 1.
2
2
With the above operating cost, we see that the subproblem In Fig. 9(b), when the concentric point is not in the feasible do(32) in Algorithm 1 becomes
main, i.e., (− G (n,1)
, − G (n,2)
)∈
/ DU , we can find a concentric
2
2
circle with the minimal value of d0 , which has a cross point with

the boundary of DU . As illustrated in Fig. 9(b), the cross point
(k +1)
(k +1)
argmin
h(μ1,n , μ2,n )
(μ1,n , μ2,n ) =
is
also a tangent point and it is the solution to (45).
(μ 1 , n ,μ 2 , n )∈DU
Similarly, we apply the above analysis to specify the
G2 (n, 1) G2 (n, 2)
form of (33) and (34) in Algorithm 1. We also initialize
−
−
Algorithm 1 with the simple constant policy μ1,n = μ2,n =
4
4
U/2, ∀ n ∈ S. This yields an initial average cost η (0) = 6.7919.
(45) We run Algorithm 1 and find the optimal policy is obtained
h(μ1,n , μ2,n )
=
argmin
(μ 1 , n ,μ 2 , n )∈DU
within five iterations. The optimal average cost is η ∗ = 5.8932.
Since the operating cost is convex, the optimal service rates
where the objective function is defined as
may not always lie on the vertexes of the feasible domain DU .
We cannot use the gray-scale map such as Fig. 6 to illustrate
2
2
G(n, 1)
G(n, 2)
the structure of the optimal policy. Therefore, we use the threeh(μ1,n , μ2,n ):= μ1,n +
+ μ2,n +
.
dimensional curves in Fig. 10 to illustrate the optimal policy.
2
2
(46) In Fig. 10, these two curved surfaces represent the values of
Obviously, (45) is a convex optimization problem since the fea- μ∗1,n and μ∗2,n at every system state, respectively. The spesible domain DU in Fig. 2 is a convex set. It is easy to derive the cific values of (μ∗1,n , μ∗2,n ) are further shown in Table I. From
solution to (45) as follows. As illustrated in Fig. 9, the concentric Fig. 10 and Table I, we observe that most of the optimal sercircles indicate the contour of objective function h(μ1,n , μ2,n ). vice rates (μ∗1,n , μ∗2,n ) are on the boundary edge of DU . But,
In Fig. 9(a), when the concentric point belongs to the feasible there do exist some (μ∗1,n , μ∗2,n )’s that are in the interior of
, − G (n,2)
) ∈ DU , we directly have the DU . It demonstrates that Algorithm 1 still works well even
domain, i.e., (− G (n,1)
2
2
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TABLE I
OPTIMAL SERVICE RATES (μ ∗1 , n , μ ∗2 , n ) AT EVERY SYSTEM STATE WHEN THE COST FUNCTION IS φ(µn ) = μ 21 , n + μ 22 , n AND ϕ(n) = n 1 + n 2

when the cost function is not linear and the special properties
in Theorems 2–4 may not hold.
VI. DISCUSSION AND CONCLUSION
In this paper, we study the service rate control of a tandem
queue with two servers. The system has a power constraint that
limits the sum of total service rates. We formulate this problem
as an MDP with a constrained action space. The necessary and
sufficient condition of the optimal policy is derived. When the
operating cost is a linear or concave function, we prove that the
optimal service rates can be found on a vertex of the triangle
feasible domain DU , which significantly reduces the optimization complexity. Some optimality properties are also obtained.
Algorithm 1 is proposed to iteratively find the optimal service
rates. This algorithm is still efficient even when the operating
cost is not linear or concave. For example, when the operating
cost is convex, we find that Algorithm 1 can decompose the
original problem into a series of convex optimization problems
that are easy to solve. The numerical examples demonstrate the
above results.
Note that the study in this paper is based on the statedependent service rate. When the service rate is load-dependent
or state-independent, we need to do further investigation. For example, for the load-dependent service rate, the power constraint
(5) limits the value selection of μ1,n 1 and μ2,n 2 at different
states. The value selection of μ1,n 1 at one state may constrain
the selection of μ2,n 2 at another state since they have to satisfy the common constraint μ1,n 1 + μ2,n 2 ≤ U . That means,
the action selection at different states may be correlated, which
violates the formulation of a standard MDP. Some new ideas
may be utilized to study this problem, such as the event-based
optimization or the parametric optimization of MDPs [7], [27].
For another example, when the service rate is static or stateindependent, the power constraint can be μ1 + μ2 ≤ U . In this
simple case, we can equivalently treat the tandem queue as two
M/M/1 queues, based on Burke’s theorem and the Jackson theorem. A closed-form solution of the system average cost can be
derived and the optimal service rates can be computed analytically, since it involves only two optimization variables.
Another future research topic is to enhance our study for
a general tandem queue with many servers, which is roughly

studied in Section IV-D. It is also expected to extend our results
to an even more general queueing networks, such as cyclic
queues or Jackson networks.
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