Asian Journal of Control, Vol. 16, No. 6, pp. 1735–1743, November 2014
Published online 21 March 2014 in Wiley Online Library (wileyonlinelibrary.com) DOI: 10.1002/asjc.874

POLICY GRADIENT APPROACH OF EVENT-BASED OPTIMIZATION
AND ITS ONLINE IMPLEMENTATION
Li Xia
ABSTRACT
In the theory of event-based optimization (EBO), the decision making is triggered by events, which is different from the
traditional state-based control in Markov decision processes (MDP). In this paper, we propose a policy gradient approach of EBO.
First, an equation of performance gradient in the event-based policy space is derived based on a fundamental quantity called
Q-factors of EBO. With the performance gradient, we can find the local optimum of EBO using the gradient-based algorithm.
Compared to the policy iteration approach in EBO, this policy gradient approach does not require restrictive conditions and it has
a wider application scenario. The policy gradient approach is further implemented based on the online estimation of Q-factors.
This approach does not require the prior information about the system parameters, such as the transition probability. Finally, we
use an EBO model to formulate the admission control problem and demonstrate the main idea of this paper. Such online algorithm
provides an effective implementation of the EBO theory in practice.
Key Words: event-based optimization, discrete event system, Markov decision process, Q-factor, performance potential.

I. INTRODUCTION
Markov decision processes (MDP) are a well-known
optimization framework in the performance optimization of
stochastic systems, and have been richly studied in the literature [5,13,22]. In the framework of MDP, we have to select
an action at every state, which is called state-based control.
Nevertheless, in many practical systems, the action is selected
only when certain event happens. We call this event-based
control. For example, in a wireless sensor network for task
surveillance, the sensor nodes communicate only when an
intrusion event occurs in order to save energy [7]. In an
intelligent building energy system, the controller adopts
a new action of the building devices, such as the tuning of
heating ventilaton and air conditioning (HVAC) and lighting,
only when the event of the environment deviating from the
occupants’ comfort zone occurs [8,23].
How to choose a proper decision rule (or event-based
policy) to make the associated system performance optimal is
called the event-based optimization problem [4,5]. The events
usually have their own physical meanings in practice, such
as an intrusion in the wireless sensor network or an environment’s deviation from the comfort zone in the intelligent
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building. In the mathematical formulation, we define an event
as a set of state transitions that possess some common properties, where the state is usually defined with the underlying
Markov systems. With this definition, we can formulate such
an event-based optimization (EBO) problem using the basic
framework of Markov systems, in which the system dynamics
are driven by the underlying state transitions. Nevertheless,
the series of event occurrences are usually not Markovian and
we cannot directly formulate this optimization problem as an
MDP. Therefore, the EBO problem does not fit the framework
of the standard MDP theory and we have to resort to other
new optimization approaches.
The theory of EBO was proposed recently [4,5,16,
17,29], and it is intended to provide an effective approach
to analyze and optimize the system performance of EBO
problems. It extends the idea of the direct-comparison based
approach in Markov systems [3,5] and directly compares
the performance difference under two event-based policies.
With the performance difference equation, the policy iteration is developed [4]. Nevertheless, the optimality of the
policy iteration for EBO requires a condition, that is, the
conditional probability of the system state given an event
happening is irrelevant to the policy [4,29]. This requirement
may not be satisfied in some practical systems.
Since the EBO theory is under development, only the
basic theoretical framework of EBO has been proposed. More
effort needs to be devoted to the detailed implementation
of the related algorithms. For example, in a real system,
some system parameters, such as the transition probability,
are unknown, and the system state may be unobservable.
We have to estimate or learn these parameters during the
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implementation of optimization algorithms. A recursive algorithm with learning capability is desirable in such a scenario.
In this paper, we mainly discuss the two aforementioned
problems. About the first problem of the restriction of policy
iteration, we propose a policy gradient optimization approach
instead of the policy iteration to approach to the local
optimum of the EBO problem. This approach is based on the
performance derivative equation of EBO, and it does not
require the strict condition to guarantee its optimality. About
the second problem of the algorithm implementation, we
propose a definition called the Q-factor of EBO, which is
similar to the Q-learning of reinforcement learning [18,24].
The Q-factor can be viewed as a fundamental quantity in
the EBO approaches and it can be learned recursively based
on a single sample path. Therefore, the EBO algorithm based
on Q-factors can be implemented online, without knowing
the full information of the system. We call it Q-factor based
online learning implementation of EBO approaches. Finally,
we discuss an example of the admission control problem.
The EBO algorithm is implemented to control the admission
probability when the event of customer arrival happens. The
policy gradient approach with Q-factors can find the optimum
of this problem. This example demonstrates the main idea of
this paper.

II. FORMULATION AND BASIC
THEORY OF EBO
The Markov model is a very general model, and it can
be used to model any system after some tricks of state definition techniques [22]. The model of EBO is also built on the
basic framework of the Markov model [4]. Consider a discrete time discrete state Markov chain X = {X0, X1, . . .},
where Xt is the system state at time epoch t, t = 0, 1, . . . . The
state space is assumed finite, and its size is S. Without loss of
generality, we denote the state space as S := {1, 2,  , S}. The
Markov chain will transit from the current state Xt = i to
the next state Xt+1 = j with probability pij, where i, j ∈S . The
state transition probability matrix is denoted as P = [ pij ]i , j ∈S .
In the real world, an event is always related to certain
physical meaning, such as the invader intrusion in sensor
networks or the blind turn-down in the energy-efficient building. In mathematical formulation, an event is defined as a set
of state transitions that possess some common properties.
Thus, we define event e := {〈i, j 〉 : i, j ∈ S and 〈i, j 〉 possess
common properties}. These common properties usually have
certain physical meaning, such as the invader appearance or
the blind position being down. Since the state space is finite,
the number of events is also finite, and we denote the event
space as E. Assume the size of E is V. For simplicity, we
define E := {1, 2,  , V }. For the sake of completeness, we
define a virtual event eϕ which means that no action can be

selected at the state transitions 〈i, j〉 ∈ eϕ. That is, this event eϕ
cannot trigger decision making, or the action at these transitions is fixed. For simplicity, we omit such events eϕ from the
definition of the event space E since they have no effect on
the system performance. The input state of an event e is
defined as I(e) := {all i : 〈i, j〉 ∈ e, ∃j}. The output state of
event e is defined as O(e) := {all j : 〈i, j〉 ∈ e, ∃i}. The output
state of event e on the input state i is defined as Oi(e) := {all
j : 〈i, j〉 ∈ e}.
When an event e happens, we have to select an action a
from the action space A. We assume the action space A is
finite. Different action a will affect the transition probability
and system reward. When event e happens and we adopt an
action a, the system state will transit from i to j with probability pa(j|i, e), where e ∈A , a ∈A, i ∈ I(e), and j ∈ Oi(e).
Please note that we usually observe only the event e and that
the underlying state i is unobservable. The action will also
affect the system reward, and we rewrite it as r (i, a) ∈R,
where i ∈S and a ∈A . An event-based policy d determines
the rule of action selection according to various events e ∈E.
That is, d is a mapping from the event space E to the action
space A , d : E → A. All of the possible event-based policies
comprise the policy space D which is assumed finite. Here,
we only consider the stationary and deterministic policy
d since it has good applicability in practice. Please note,
however, a general policy in EBO can be related to the history
of events and actions since the event sequence is usually not
Markovian.
Denote tl as the time of the l th event happening, l = 1, 2,
. . . . Therefore, Etl is denoted as the event happening at time
tl. Atl is denoted as the action adopted at time tl for the lth
event happening. During the period between tl and tl+1, there
is no event happening. Rt is the system reward at time t and it
is determined by Rt = r(Xt, At). The action sequence is determined by the event-based policy, i.e., Atl = d ( Etl ). When
tl < t < tl+1, At denotes a virtual action “no control adopted”
for the sake of notational consistency. The long-run average
performance of the system is

1 T −1
∑ r( X t , At ),
T →∞ T t = 0

η = E{Rt } = lim

(1)

where we assume that the system is ergodic and η is irrelevant
to the initial system state. Denote π(i) as the steady state
distribution at state i, i ∈S . The row vector of steady state
distribution is denoted as π := (π(1), π(2), . . . , π(S)). The
column vector of reward is denoted as r := (r(1), r(2), . . . ,
r(S))T, where we omit the action-related factor for simplicity.
From this, we have:

η = π r.

(2)

Different policy d will affect the system parameters. We
can use ηd, πd, rd to replace the corresponding terms in (1) and
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(2). The transition probability matrix is also rewritten as P d
to reflect the effect of policy. The goal of EBO is to find an
optimal policy d* from the policy space D , which maximizes
the long-run average performance. That is,

d * = arg maxη d
d ∈D

T −1

1
⎫
⎧
= arg max ⎨ lim ∑ r ( X t , d ( Et )) ⎬ .
d ∈D ⎩T →∞ T t = 0
⎭

(3)

The direct-comparison based approach is the main basis
of EBO theory. For any two event-based policy d and h,
d , h ∈D , their performance difference is quantified by the
following difference equation [5,29]

⎧
(i e ) ⎨ ∑ [ p h ( e ) ( j i , e )
e =1
i ∈I ( e )
⎩ j ∈Oi ( e )
⎫
− p d ( e ) ( j i, e)]g d ( j ) + [r h (i ) − r d (i )] ⎬ ,
⎭
V

η h − η d = ∑ π h (e)

∑π

h

(4)

where g is called the performance potential and it is defined
as below
T
⎫
⎧
g (i ) = E ⎨ lim ∑ [r ( X t , At ) − η] X 0 = i ⎬ .
⎩T →∞ t = 0
⎭

(5)

The row vector g can be determined by solving the Poisson
equation:

( I − P + 1π ) g = r ,

(6)

where 1 is an S-dimensional column vector with all elements
1. g can also be estimated based on the statistics of the system
sample path (please see chapter 3.1 of [5]).
A policy iteration algorithm directly follows the difference equation (4), when the following condition is satisfied:

π h (i e) = π d (i e), ∀e ∈E , i ∈ I (e), d , h ∈ D.

(7)

The condition above indicates that the conditional probability π(i|e) is irrelevant to the underlying event-based policy.
With this condition, policy iteration is proposed for EBO
and it is proven to converge to the global optimum within a
finite number of iterations [5]. In practice, there are some
categories of problems satisfying this condition [5,26,28].
Nevertheless, this condition (7) is restrictive and not
all problems can satisfy it in practice. For the problems not
satisfying this condition, the optimality of policy iteration
cannot be guaranteed and we have to develop other optimization approaches. Moreover, in many practical systems, the
system state is unobservable. We only observe the historical
sequence of events and system rewards. Even some system
parameters can be unknown to the decision maker. These
above difficulties make the policy iteration based on (4)
infeasible. Approximation techniques, such as reinforcement

learning [18,24] or neuro-dynamic programming [2], may be
utilized to handle these difficulties. How to solve EBO in such
scenarios is the main content of our discussion in the next
section.

III. POLICY GRADIENT APPROACH AND
ONLINE IMPLEMENTATION
The policy gradient approach is an alternative approach
when policy iteration is not applicable. It is intended to calculate or estimate the gradient of the system performance
with respect to policy (random policy or parameterized
policy) and apply the gradient-based optimization algorithm
to find the local optima. It has been studied in the literature of
perturbation analysis [14,19,32], MDP [3,10,21,31], and reinforcement learning [1,25]. Below, we study the policy gradient approach for the EBO problem.
First, we study the performance derivative equation
based on (4). Consider a random policy dδh that adopts policy
d with probability 1 − δ and adopts policy h with probability
δ, where d , h ∈D and 0 ≤ δ ≤ 1. Thus, dδh determines a
policy-varying direction from d to h in the policy space.
One can see that, when δ = 0, dδh = d . When δ = 1, dδh = h .
Consider the performance difference of the system under
policy d and dδh . Applying (4) and letting δ → 0, we can
derive the following derivative equation:

⎧
∂η d V d
= ∑ π ( e ) ∑ π d (i e ) ⎨ ∑ [ p h ( e ) ( j i , e )
∂δ
i ∈I ( e )
e =1
⎩ j ∈Oi ( e )
−p

d (e)

⎫
( j i, e)]g ( j ) + [r (i ) − r (i )] ⎬ .
⎭
d

h

(8)

d

With respect to the above derivative equation, we see
that it does not require Condition (7) since π h(i|e) is not
needed in (8). For the theoretical calculation, all of the values
of the terms in the right-hand-side of (8) are easy to obtain.
Parameters π d(e), π d(i|e), and gd can be numerically calculated or estimated from the sample path of the system under
policy d. Parameters pa( j|i, e), rh, and rd are usually known to
the decision maker. Therefore, it is feasible to execute (8)
during the optimization process. With the information of
the performance derivative, we can use gradient-based algorithms to find the local optima of the EBO problem. How to
choose a proper gradient-based algorithm is not the emphasis
of this paper, and there are many traditional algorithms in the
literature [9].
Nevertheless, many optimization algorithms are
required to be executed along with the online operation of
the system. The system model may be a “black box” for
the decision maker. For example, we do not know the exact
values of the system parameters, such as the values of
ph( j|i, e), pd( j|i, e), rh, and rd. Furthermore, in some situations,

© 2014 Chinese Automatic Control Society and Wiley Publishing Asia Pty Ltd

1738

Asian Journal of Control, Vol. 16, No. 6, pp. 1735–1743, November 2014

the system state is unobservable. The decision maker can only
observe the sequence of events occurrence Et and system
reward r(Xt, At). This makes the estimation of π d(i|e) and gd(i)
impossible since we cannot observe state i.
The above situation exists in practice very commonly. How to solve this problem is meaningful to apply the
optimization framework of EBO to practical situations. In
the traditional policy iteration or the difference equation
(4), we use the performance potential g(i) as a fundamental
quantity to evaluate the quality of action a, see the term
∑ j∈Oi ( e) pa ( j i, e) g d ( j ) in (4) where a = h(e). Since the
system state i is unobservable for the decision maker, we have
to use other quantities to quantify the action quality instead of
the performance potential g(i). Notice that the event sequence
is observable and the action adopted is controlled by the
decision maker. So, one of the natural conjectures is whether
we can use a quantity with an event index e to evaluate the
performance quality of action selection. The answer is YES.
Q(e, a) is exactly such a quantity and it is defined as below:

Q(e, a) := ∑ p a ( j e) g ( j ) + r(e, a),
j ∈S

(9)

where pa( j|e) is the probability that the system state transits to
j with the condition of the current event being e and the action
adopted being a. With the formulation of EBO in Section II,
we have:

p a ( j e) =

∑

p(i e) p a ( j i, e),

i ∈I ( e )

(10)

where p(i|e) is the conditional probability of state i given the
current event e. Similarly, we have:

r ( e, a ) =

∑

p(i e)r (i, a).

i ∈I ( e )

(11)

When we investigate the system statistics at the steady
state with policy d, we can also write p(i|e) as πd(i|e). Therefore, the definition (9) of Q(e, a) can be rewritten as:

Q d ( e, a ) =

∑π

d

i ∈I ( e )

⎡
⎤
(i e) ⎢ ∑ p a ( j i, e) g d ( j ) + r (i, a) ⎥ , (12)
⎣ j ∈Oi ( e )
⎦

where the superscript d indicates the above statistics is for the
system dynamics under policy d. When Condition (7) holds,
we substitute (12) into (4) and obtain:
V

η h − η d = ∑ π h (e)[Q d (e, h(e)) − Q d (e, d (e))].

(13)

e =1

From the above difference equation, we see that Qd(e, a)
is a fundamental quantity to quantify the relation between the
system performance and the policy. Similar to the Q-learning,
we also call Qd(e, a) as Q-factor of EBO. We can see that
Q-factor Qd(e, a) quantifies the long-term contribution of the

decision of selecting action a when event e happens. One
intuitive idea is to always choose the action a that makes
Qd(e, a) maximal, that is,

a = arg maxQ d (e, a).
a∈A

(14)

The above action update scheme is equivalent to the policy
iteration in EBO, and the corresponding optimality equation
can be derived thereafter. Details can be found in [5,29].
Nevertheless, as we clarified before, the optimality of the
above scheme requires Condition (7). When (7) does not
hold, we alternatively have the derivative equation (8). In the
definition of Q-factor (12), setting a = h(e) and a = d(e) and
substituting them into (8), we have:

∂η d V d
= ∑ π (e) [Q d (e, h(e)) − Q d (e, d (e)) ].
∂δ
e =1

(15)

Please note that the above equation does not require
Condition (7). More importantly, the system state i and transition probability pa(j|i, e) do not appear in (15). Only the
event e and the action a appear in (15). Therefore, (15) is
exactly suitable to the situation where we only observe the
event occurrence, the system state is unobservable, and the
transition probability is unknown. To apply (15), we have to
calculate or estimate the Q-factor Qd(e, a) based on the observation of the system sample path.
The left task is to obtain the value of Qd(e, a) by only
observing the sequences of event occurrence and system
rewards. A typical scenario is described as follows. At time t,
if we observe an event Et happening, we adopt an action
At = d(Et) and get an instant reward r(Xt, At), where Xt is the
inner state and it is not observable. The time clock moves to
t + 1 and the above process repeats. Below, we discuss how to
estimate Qd(e, a) based on the observations on the system
sample path.
First, combining with the definition (5) of g( j), we see
that (12) is equivalent to
T
⎫
⎧
Q d (e, a) = E ⎨ lim ∑ r ( X t , At ) − Tη d E0 = e, A0 = a ⎬ ,
T
→∞
⎩
⎭
t =0

(16)

where the action sequence At, t > 0, is determined by a
predefined policy d. Since r(Xt, At) is statistically equal to η
when t is large enough, we can truncate the summation in (16)
to T to approximate Qd(e, a). Thus, we use QTd (e, a) as an
estimate of Qd(e, a) when T is large enough. That is,

⎫
⎧T
QTd (e, a) = E ⎨∑ r ( X t , At ) − Tη d E0 = e, A0 = a ⎬ .
⎩ t =0
⎭

(17)

For a predefined policy d, the term Tηd is a constant.
Notice that, if Qd(e, a) is a Q-factor of the EBO, then Qd(e,
a) + c with any constant c is also a Q-factor of the EBO. This
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assertion can be verified in (13), (14), and (15). Therefore,
we can add a constant Tηd in (17) and derive the following
estimate of the Q-factor:

⎫
⎧T
Qˆ Td (e, a) = E ⎨∑ r ( X t , At ) E0 = e, A0 = a ⎬ .
⎩ t =0
⎭

(18)

The above estimate of the Q-factor Qd(e, a) is very easy
to implement on the sample path. When we observe an event
e happening at the current time, we adopt an action a. Then,
the system evolves according to policy d. We summate the
system rewards in the succeeding T time epochs as a sample
of Qˆ Td (e, a). Repeating this process, when the number of
samples is large enough, we can obtain Qˆ Td (e, a) with high
accuracy.
Nevertheless, there is another issue we need to solve.
We want to know the value of the Q-factor Qd(e, a) at every
action a ∈A. When the underlying policy d is a random
policy, the system sample path can visit every action a ∈A
with every event e ∈E. When the underlying policy d is deterministic, however, only the action a = d(e) can be visited on
the sample path of policy d. In order to make the sample path
visit every event-action pair (e, a), we have to adopt an
ε-exploration technique similar to the Q-learning approach in
reinforcement learning [15,18,24].
We define a dε policy to make the sample path visit all
the possible event-action pair (e, a)’s. If d is deterministic,
dε policy is defined as: when event e happens, we choose
action a = d(e) with probability 1 − ε and we choose all
actions a′ ∈ A evenly with probability ε / A . When ε → 0,
the system statistics under policy dε is approaching that
under policy d, while every event-action pair can be visited.
The estimation of Qd(e, a) is summarized in the following
algorithm.
Algorithm 1. Sequential online estimation algorithm of
Q-factor Qd(e, a) in EBO.
Initialization
• Choose a large enough number T and a very small
positive number ε → 0. Set Qˆ Td (e, a) = 0 , I(e, a) = 0, and
N(e, a) = 0, for all e ∈E and a ∈A .
Action Generation
• Run the system under policy dε, i.e., when an event e is
observed, choose action a = d(e) with probability 1 − ε,
ε
.
choose action a′ ∈ A evenly with probability
A
Estimation
• At the current time t, suppose the event observed is Et,
the action adopted is At, and the system reward observed
is Rt. If I(Et, At) = 0, set I(Et, At) = 1 and N(Et, At) := N(Et,

Q4d (e1 , a1 )

Q4d (e1 , a1 )
Q4d (e2 , a2 )

S

5
4
3
2
1

E4=e2, A4=a2

E6=e1, A6=a1

E1=e1, A1=a1

0

1

2

3

4

5

6

7

T

8

9

10

T

t

Fig. 1. Illustration of the online estimation of Q(e, a)’s with
direct approach in Algorithm 1.

At) + 1. For every (e, a) pair, if T > I(e, a) > 0, update I(e,
a) := I(e, a) + 1 and Qˆ Td (e, a) := Qˆ Td (e, a) + Rt ; otherwise,
set I(e, a) = 0.
Output
• When the sample path is long enough, stop and output
Qˆ Td (e, a) := Qˆ Td (e, a) /N (e, a) as an estimate of Q-factor
Qd(e, a), for all e ∈E and a ∈A.
Fig. 1 illustrates the online estimation process of
Q(e, a) with the approach of Algorithm 1. Please note that we
assume there are only two events e1, e2 and two actions a1,
a2 in this EBO problem. The estimation length T = 4. During
the period from time 0 to 10, there are only three event
occurrences. That is, E1 = e1, E4 = e2, and E6 = e1. The events
e1 and e2 are defined as e1 := {〈2, 3〉, 〈4, 1〉} and e2 := {〈4, 5〉},
respectively. From Fig. 1, we see that the number of event
occurrences is much less than that of state transitions and the
decision making in EBO is much rarer than that in MDP.
The above estimation algorithm is based directly on
(18). Moreover, we can further develop a recursive learning
estimation algorithm as follows. Based on Definitions (9) and
(5), we can derive:

⎧ τ −1
Q(e, a) = E ⎨∑ [r ( X t , At ) − η] + ∑ p a (i e)
⎩ t =0
i ∈S

∑p
j ∈S

(τ )

( j i) ∑

e ′∈E

⎫
p(e′ j )Q(e′, a′ ) ⎬ E0 = e, A0 = a,
⎭

(19)

where τ is a random number indicating the time interval
between two successive event occurrences, a′ is the action
generated by a predefined event-based policy for the next
event, and p(τ)(j|i) is the τ-step transition probability from i to
j. This is a recursive formula of Q-factor in EBO. We can
further develop the following recursive learning estimation
algorithm for Qd(e, a), which is similar to the SARSA
(state-action-reward-state-action) algorithm in reinforcement
learning [24]. Define an update difference as:
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tl +1 −1

∑ [r ( X , A ) − ηˆ ] + Qˆ ( E
d

t

t

tl +1

t = tl

, Atl +1 ) − Qˆ d ( Etl , Atl ) ,

(20)

where tl is the occurrence time of the lth event, η̂ is the
current estimate of the long-run average performance and it
is updated as

1
ηˆ := ηˆ + [r ( X t , At ) − ηˆ ].
t

(21)

Then, the estimate Qˆ (e, a) is updated as

Qˆ d ( Etl , Atl ) := Qˆ d ( Etl , Atl ) + β lγ l ,

(22)

where βl is the update step-size at time tl and it can be 1/l
or 1/l2 as an example. In order to visit all of the event-action
pairs, we also have to adopt the aforementioned dε policy.
Therefore, with (20), (21), and (22), we can directly have
a recursive estimation algorithm for Qd(e, a) based on the
sample path of EBO. Compared with the sequential estimation algorithm in Algorithm 1, the recursive algorithm is
easy to implement since it needs less storage. The detailed
description of the above recursive algorithm is omitted due
to limited. Similar to Fig. 1, we use Fig. 2 to illustrate the
recursive estimation process of Q(e, a)’s based on (22).
With the above discussion, we can estimate the Q-factor
Qd(e, a) only based on the observation of a sample path under
the current policy d, using either the sequential or recursive
estimation algorithm. The distribution of πd(e) is easy to
estimate with the observation of event sequences. Therefore,
all of the terms in the derivative equation (15) are obtained
based on the sample path. A typical gradient-based algorithm
can be used as below. We choose a policy h from the policy
space, which has a maximal value of derivative (15). The next
policy can be updated as d := d + α(h − d), where (h − d) can
be understood as the steepest gradient direction in the policy
space and α is an update step-size. Repeating the above

procedure, the gradient-based algorithm can approach the
local optimum of EBO. Other details of the gradient-based
algorithm can be seen in [9].
Please note, this policy-gradient based approach does
not require Condition (7) on the EBO problem. The underlying system state can be unobservable. We only have to
observe the sequence of events, actions, and rewards to do
online optimization. This provides a major advantage in
applying the optimization framework of EBO to a wide range
of practical problems. Below, we use an example of admission control to demonstrate the main idea of this paper.

IV. APPLICATION TO ADMISSION CONTROL
Admission control is an important problem existing
in many service-oriented systems, such as call admission
control in cellular networks [11] and traffic control in the
Internet [20]. Queueing network is a widely-used model to
formulate the admission control problem. In this section,
we discuss the admission control in a semi-open Jackson
network, which is studied in [27,28] using the policy-iteration
type approach. As a comparison, in this paper, we use the
policy gradient approach with Q-factors of EBO to explore
this problem. We demonstrate that the online policy gradient
approach of EBO is effective.
Consider a semi-open Jackson network with M = 3
servers [6,12]. Fig 3 is an illustrative example with 3 servers.
The capacity of the network is N = 6. That is, when the total
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Fig. 2. Illustration of the online estimation of Q(e, a) with
recursive approach.
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Fig. 3. Admission control of a semi-open Jackson network with
3 servers.
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i =1

The controller makes decision only when the event
of customer arrival happens. The event is defined as
M
en := 〈 n, n + i 〉, 〈 n, n 〉, with ∑ i =1 ni = n , where n+i := (n1, . . . ,
ni+1, . . . , nM) is called a neighboring state of n. The definition
of event en means that a customer arrives at the network and
finds that the total number of customers in the network equals
n, n = 0, 1, . . . , N − 1. The possible action is either accepting
or rejecting the arriving customer, denoted as a = 1 and a = 0,
respectively. Suppose the system state n is unobservable for
the controller. The controller observes only the sequences
of events e, actions a, and rewards. We use Q(e, a)’s to evaluate the quality of action a when event e happens, where
e ∈E := {e0, e1,  , eN −1} and a ∈ A := {0, 1}. In this paper, we
consider a random admission policy d := (b0, b1, . . . , bN−1).
That is, when event en happens, we accept the arrival with
probability bn and reject it with probability 1 − bn, where
bn ∈R[0, 1] and n = 0, 1, . . . , N − 1 (n = N is omitted
because any arrival at this situation is dropped directly due to
the network capacity limit). We see that such a random policy
usually explores all of the possible actions (a = 1 or a = 0).
We do not have to use the randomization technique dε policy
as mentioned before, except for the situation where bn = 0 or
bn = 1. For these excepted situations, we will use dε policy
with ε = 0.01.
We formulate this problem as an EBO problem and use
the policy gradient approach to solve it. First, we use Algorithm 1 to estimate Q-factor Q(e, a)’s under the current policy
d. By applying the derivative equation (15), we find a policy
h with a maximal derivative. The next policy is updated as
d := d + α(h − d), where the step-size α is set as 1/k with k

{

}

Table I. The mean and standard deviation of Q(en, a) estimations
when a = 0.
n
Mean
Std.

0

1

2

3

4

5

136.16
5.83

154.27
13.12

158.77
2.87

162.50
3.92

160.76
2.95

156.79
3.54

Table II. The mean and standard deviation of Q(en, a)
estimations when a = 1.
n
Mean
Std.

0

1

2

3

4

5

153.59
3.87

159.39
3.28

163.79
2.35

163.46
2.73

160.40
3.27

156.01
3.37

188
186
184
The value of Q−factor

number of customers in the network reaches N, any newly
arriving customer will be dropped directly (this is why we call
it semi-open). The external customer arrival obeys a Poisson
process with rate λ = 50. When an external customer arrives
at the network, a decision maker controls the admission of the
arriving customer. If the customer is rejected, it will leave the
network without penalty. If it is admitted, the customer will
enter server i with probability q0i, i = 1, 2, . . . , M. When a
customer finishes its service at server i, it will transit to server
j with probability qij or leave the network with probability qi0,
i, j = 1, 2, . . . , M. The values of these routing probabilities are
q01 = 0.3, q02 = 0.4, q03 = 0.3, q10 = 0.2, q12 = 0.4, q13 = 0.4,
q20 = 0.4, q21 = 0.3, q23 = 0.3, q30 = 0.3, q31 = 0.2, q32 = 0.5,
respectively. When a customer finishes its service at a server,
it will receive a constant reward R = 10. Every customer
sojourning in the network has to pay a cost C = 100 per unit
time. The service time of servers obeys exponential distribution and the service rates are μ1 = 40, μ2 = 50, and μ3 = 80,
respectively. The service discipline is first come first served.
The number of customers at server i is denoted as ni and the
system state is denoted as n := (n1, n2, . . . , nM). The state
M
space is denoted as S := {all n : ∑ ni ≤ N }.

182
180
178
176
174
172
170
−1

0

1

2
3
The event type en

4

5

6

Fig. 4. A typical example of the mean and standard deviation
curve of Q(en, a) estimations.

being the index of the iterations. The parameter setting of
the above procedure can be referred to other gradient-based
approaches that are commonly used in practice. Here, we
omit the details and focus on the online estimation of
Q-factors and the effect of the policy gradient approach in
this problem.
The estimation length T of Q(e, a) in Algorithm 1 is set
as T = 220. The initial admission policy is chosen arbitrarily
as d0 = (0.5, 0.8, 0.3, 0.6, 0.2, 0.4). Under the current policy,
we run the simulation for L = 220,000 and replicate it 10
times. Some typical examples of the mean and standard
deviation of estimations are illustrated in Tables I and II and
in Fig. 4. We use the mean estimates of Q(e, a)’s and execute
the above optimization process to obtain an updated policy.
Run the system under the new policy and repeat this process.
Finally, we find that the output policy is almost stable after
20 iterations. The optimization process is illustrated by the
curves in Fig. 5. We see that the output policy is approaching
d* = (1, 1, 1, 1, 0, 0), which is truly the optimal policy of this
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Fig. 5. The curve of admission probabilities during the evolution
of policy gradient optimization.

admission control problem [27]. This policy has a threshold
form, i.e., when n < 4, all the arrivals are accepted; otherwise,
all are rejected. It has been proven that we can always find
the optimal policy from the threshold type policies [27,30].
From this example, we see that the policy gradient approach
with Q-factors is effective for the EBO problems. We can estimate online the Q-factors of EBO and use the gradient-based
approach to find the local optimum of EBO. This is an effective alternative approach of EBO when the policy iteration
type approach presented in [4,5,29] is not applicable.

V. CONCLUSION
In this paper, we define the Q-factor Q(e, a) of EBO to
quantify the quality of action selections when the system state
is unobservable. With the Q-factor of EBO, we derive the
performance derivative equation of EBO. Therefore, when the
policy iteration approach of EBO is inapplicable, we can use
the policy gradient approach alternatively. We also propose
some online estimation methods for the Q-factors in EBO.
This makes the policy gradient approach of EBO online
implementable. As a complementary approach to policy iteration of EBO, the online policy gradient approach makes the
EBO optimization framework applicable to a wider range,
without requiring restrictive optimality conditions. Future
efforts may be devoted to the research of other algorithms
with Q-factors in EBO, such as the analogs of the algorithms
in reinforcement learning.
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