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a b s t r a c t

In this paper, we study a varianceminimization problem in an infinite stage discrete timeMarkov decision
process (MDP), regardless of the mean performance. For the Markov chain under the variance criterion,
since the value of the cost function at the current stage will be affected by future actions, this problem
is not a standard MDP and the traditional MDP theory is not applicable. In this paper, we convert the
variance minimization problem into a standard MDP by introducing a concept called pseudo variance.
Thenwederive a variance difference formula that quantifies the difference of variances ofMarkov systems
under any two policies. With the difference formula, the correlation of the variance cost function at
different stages can be decoupled through a nonnegative term. A necessary condition of the optimal
policy is obtained. It is also proved that the optimal policy with the minimal variance can be found in
the deterministic policy space. Furthermore, we propose an efficient iterative algorithm to reduce the
variance of Markov systems. We prove that this algorithm can converge to a local optimum. Finally, a
numerical experiment is conducted to demonstrate the efficiency of our algorithm compared with the
gradient-based method widely adopted in the literature.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Markov decision processes (MDPs) are widely used to model
and analyze the performance optimization in stochastic dynamic
systems (Chang, Fu, Hu, & Marcus, 2007; Feinberg & Schwartz,
2002; Puterman, 1994). In the literature on MDPs, many studies
focus on the performance optimization under the long-run av-
erage or discounted performance criterion. Much less attention
has been paid to the variance criterion. However, variance is an
important performance metric of stochastic systems and it re-
flects risk-related factors. For example, in financial engineering,
the risk-averse investors optimize their portfolios to minimize
the risk of their investments while keeping an acceptable return,
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which is called mean–variance optimization of portfolio manage-
ment (Markowitz, 1952; Zhou & Yin, 2004). In the process control
of plants, the minimum variance control is used to control the re-
action process steadily and reduce the quality variation of products
(Harrison & Qin, 2009; Huang, 2002).

The mean–variance optimization always considers the mean
and variance simultaneously. In the field of machine learning, re-
search is conducted to develop optimization algorithms that min-
imize the variance while keeping the mean performance above a
certain level, or maximize the mean performance while keeping
the variance under a certain level, or take the variance as a penalty
factor and maximize the combined objective function. Policy gra-
dient algorithms are proposed to find a local optimum (Prashantha
& Ghavamzadeh, 2013; Tamar, Castro, & Mannor, 2012). However,
these studies suffer from the intrinsic deficiencies of gradient-
based methods, such as the slow convergence speed, the difficulty
of selecting step-size, the sensitivity to the initial point, and the
possibility of being trapped into a local optimum.Mannor and Tsit-
siklis (2013) further study the algorithmic complexity of a special
form of mean–variance optimization in finite horizon and prove
that such problem is NP-hard in some cases. In the field of MDPs,
studies usually focus on the variance minimization within an opti-
mal policy set inwhich themeanperformance already achieves op-
timum (Cao & Zhang, 2008; Guo & Song, 2009; Hernandez-Lerma,
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Vega-Amaya, & Carrasco, 1999). When the average or discounted
performance is already optimal, the variance criterion can be
transformed to an equivalent average or discounted criterion (Guo,
Ye, & Yin, 2012; Huang & Chen, 2012) and the traditional MDP ap-
proaches, such as the policy iteration, are still applicable. However,
it is not clear how to develop a policy iteration type algorithm to
minimize the variancewhen themean performance is not optimal.

In this paper, we aim to study the variance minimization
problem in a discrete time MDP, regardless of the mean
performance. Different from the mean–variance optimization
studied in the literature, we focus only on the variance criterion.
This problem is of both theoretical and engineering significance.
From the theoretical viewpoint, our work can contribute to a
more systematic study of MDP theory under various criteria,
besides the widely used average and discounted criterion. From
the application viewpoint, the variance minimization problem has
practical background in engineering systems. For example, in a
smart grid integrated with wind farms, a lot of wind electricity
is abandoned because of its large variation (Ummels, Gibescu,
Pelgrum, Kling, & Brand, 2007). Energy storage systems can be used
to reduce the variation of wind electricity. It is of importance to
optimize the scheduling policy such that the variation of electricity
output from the storage system to the smart grid is minimized,
while the wind abandonment is avoided. This problem can be
modeled as a typical variance minimization problem.

The difficulty of the variance minimization problem is mainly
caused by the quadratic form of the variance. We observe that the
cost function under the variance criterion is f (i, a) = (r(i, a) −
η)2, where r(i, a) is the system reward at the current stage with
state i and action a, and η is the mean performance. A standard
MDP requires that both the cost function and the state transition
probability should beMarkovian. The cost should be an instant cost
and its value at the current stage should not be affected by future
stages (see page 20 in the book of Puterman, 1994). However, in
the variance minimization problem, the cost function f (i, a) will
be affected by future actions. This is because r(i′, a′) at future
stages will affect the value of η, consequently affect the value of
(r(i, a) − η)2 at the current stage. Therefore, the values of f (i, a)
at different stages are coupled and this variance minimization
problem is not a standard MDP. The Bellman optimality equation
that is critical for dynamic programming does not hold for this
problem. The traditional MDP approaches, such as the policy
iteration or the value iteration, are not applicable to this problem.
The difficulty of this problem is also pointed out by Sobel (1982)
that a general optimization problem considering variance metrics
is not amenable to the policy iteration algorithm.

In this paper, we define a quantity called pseudo variance
fλ(i, a) = (r(i, a) − λ)2, where λ is a given constant. Obviously,
the value of the pseudo variance at the current stage will not be
affected by future actions and the pseudo variance minimization
problem is a standardMDP.We prove that the policy improvement
for the pseudo variance also reduces the variance of Markov
systems. Therefore, the original variance minimization problem is
converted into a standardMDP ofminimizing the pseudo variance.
Then we derive a variance difference formula that clearly describes
the relation between the variance and the policy adopted. This
formula can decouple the correlation of variances at different
stages, through a nonnegative term (η′ − η)2. It gives a new
direction to study the varianceminimization problem ofMDP from
the sensitivity viewpoint. With the variance difference formula,
we derive a necessary condition for the optimal policy under the
variance criterion. We also prove that the optimal policy with the
minimal variance can be found in the deterministic policy space,
which is not trivial since this problem does not fit a standard MDP
formulation. For the variance criterion with mean performance
as constraint, the optimal policy cannot be always achieved in
the deterministic policy space (Puterman, 1994). An iterative
algorithm similar to policy iteration is further developed to
efficiently reduce the variance of Markov systems. This algorithm
is proved to converge to a local optimum. Although the policy
gradient approacheswidely adopted in the literature also converge
to a local optimum, our policy iteration algorithm has a much
faster convergence speed, which is demonstrated in numerical
experiments. To the best of our knowledge, this is the first work
that provides a policy iteration type algorithm to minimize the
variance of Markov systems. In the literature, the previous works
either study the policy iteration to minimize the variance after
the average or discounted performance already achieves optimum
or study the policy gradient algorithm to approach to the local
minimum of variance. Our approach provides a promising way
to directly minimize the variance of Markov systems, regardless
of the mean performance. Compared with our conference paper
(Xia, 2014), this journal paper makes substantial contributions,
especially on the pseudo variance and related proofs.

The remainder of the paper is organized as follows. In Section 2,
we give amathematical formulation for the varianceminimization
problem. In Section 3, we convert this problem into a standard
MDP of minimizing the pseudo variance. The variance difference
formula is further derived. Some optimality properties are also
obtained. A policy iteration type algorithm is then developed to
efficiently reduce the variance of Markov systems. In Section 4, we
conduct numerical experiments to demonstrate the efficiency of
our approach. Finally, we conclude this paper in Section 5.

2. Problem formulation

Consider a discrete time Markov chain X := {Xt , t = 0, 1, . . .},
where Xt is the system state at time epoch t . The state space S is as-
sumed finite and we denote it as S := {1, 2, . . . , S}, where S is the
size of the state space.When the system is at state i, we can choose
an action a from the action space A(i), i ∈ S. For simplicity, we
assume that the action spaces at different states are identical, i.e.,
A(i) = A,∀i ∈ S.We assumeA is finite andA := {a1, a2, . . . , aA},
where A is the size of action spaceA. After an action a is adopted at
state i, the system state will transit to state j at the next time epoch
with a transition probability pa(i, j), i, j ∈ S and a ∈ A. Mean-
while, the system will obtain an instant reward denoted as r(i, a).
All the transition probabilities of the Markov chain compose an S-
by-S matrix denoted as P . For notation simplicity, wemay also use
r(i) to replace r(i, a) when the action selection rule is determined.
We further denote the reward function r as an S-dimensional col-
umn vector composed by element r(i), i ∈ S. The steady state dis-
tribution of the Markov chain is denoted as an S-dimensional row
vector π := (π(1), π(2), . . . , π(S)), where π(i) is the probability
of the system staying at state i, i ∈ S. Obviously, we have πP = π,
P1 = 1, and π1 = 1, where 1 is an S-dimensional column vector
with all elements being 1. The long-run average performance of the
Markov chain is defined as below.

η := πr = lim
T→∞

1
T

E


T−1
t=0

r(Xt)


, (1)

where we assume that the Markov chain is ergodic and η is inde-
pendent of the initial state X0.

According to the definition of the variance in a stochastic
process, we define the steady state variance of an ergodic Markov
chain as below (Chung, 1994; Sobel, 1994).

ησ s := lim
T→∞

1
T

E


T−1
t=0

(r(Xt)− η)2


. (2)
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In the literature, there exists another definition of variance that
originally comes from finite stage Markov chains. For a Markov
chain with T stages, the total reward cumulated at the final stage
is denoted as

CT :=

T−1
t=0

r(Xt). (3)

Note that CT is a random variable. The variance of CT is defined as
below (Mannor & Tsitsiklis, 2013; Zhou & Yin, 2004).

VAR[CT ] = E


T−1
t=0

r(Xt)− E


T−1
t=0

r(Xt)

2

. (4)

Based on (4), another definition of the variance of an infinite stage
MDP is as below (Guo et al., 2012; Hernandez-Lerma et al., 1999).

ησ l := lim
T→∞

1
T

VAR[CT ]

= lim
T→∞

1
T

E


T−1
t=0

r(Xt)− E


T−1
t=0

r(Xt)

2

. (5)

We call ησ l the limiting cumulative variance of the Markov chain.
Note that the above discussion is for an undiscounted Markov
chain, the similar analysis is also valid for discounted one.

Both of these two different definitions of variances exist in the
literature, but there is little discussion about their relations. In
this paper, we derive that ησ l and ησ s have the following relation
(details can be referred to Appendix)

ησ l = ησ s + lim
T→∞

1
T

T−1
t=0

T−1
k=0,k≠t

COV(r(Xt), r(Xk)), (6)

where COV(X, Y ) := E[(X − E(X))(Y − E(Y ))] is the covariance
of two random variables X and Y . From the above definitions, we
see that ησ l focuses on the fluctuation of rewards at the final stage
while ησ s focuses more on the fluctuations during the whole pro-
cess. In many practical problems, people concern the fluctuation
of rewards not only at the final stage, but also during the whole
process. For example, in the asset management of financial engi-
neering, if the fluctuations of asset returns are very big during the
contract period, the investment may be withdrawn by risk-averse
investors before the end of the contract. The investors cannot tol-
erate a big risk during the asset management process, even though
the variance of returns at the end of the contract is small. More-
over, the estimation variance of ησ s is usually much smaller than
that of ησ l. Therefore, we choose ησ s as the variance definition of
MDP in this paper. For notation simplicity, we use ησ to replace ησ s
in the rest of the paper.

In the optimization ofMDPs, we have to choose a policy that de-
termines the action selection rule at different states.We consider a
stationary and deterministic policy. Thus, a policy L is a mapping
from the state space S to the action space A. L(i) indicates the ac-
tion adopted at state i, i ∈ S. The total policy space is denoted as
Ψ , i.e., L ∈ Ψ . Different policy L will affect the value of transi-
tion probability matrix, reward function, system performance, etc.
We use the superscript ‘‘L’’ to identify the effect of different policy,
such as PL, πL, rL, ηL

σ , ηL, etc. For notation simplicity, we usually
omit the superscript ‘‘L’’ by default and use the superscript ‘‘′’’ in-
stead of ‘‘L

′

’’ in the rest of the paper if applicable.
The optimization objective is to find the optimal policyL∗ from

the policy space Ψ , which minimizes the steady state variance of
the Markov chain. We assume that the Markov chain is ergodic
under any policy in Ψ . The cost function under the variance
criterion and policy L is defined as

f (i) := (r(i, L(i))− η)2, (7)
where η is the long-run average performance defined in (1).
We denote f as an S-dimensional column vector composed by
elements f (i), i ∈ S. The varianceminimization problemofMarkov
chains can be defined as below.

L∗ = argmin
L∈Ψ

{ησ } = argmin
L∈Ψ

{πf } . (8)

From (7), we see that the value of f (i) will be affected by
future actions through affecting the value of η. Therefore, the
cost function is not Markovian and the problem (8) is not a
standard MDP. We have to develop new approaches to optimize
this problem.

3. Analysis and optimization

In this section, we first define a pseudo variance minimization
problem and prove the equivalence between this problem and the
original problem (8). The difficulty of non-Markovian structure
in (8) is avoided. Then we derive the variance difference and
derivative formulas and some interesting optimality properties.
Finally, we develop an iterative algorithm to efficiently reduce the
variance of Markov systems.

3.1. Pseudo variance minimization

From (8), we see that the difficulty mainly comes from the fact
that the value of η is unknown and affected by future actions. To
handle this difficulty, we define a new cost function as below.

fλ(i) := (r(i, L(i))− λ)2, (9)

where λ is a given constant and L ∈ Ψ . We denote fλ as an
S-dimensional column vector composed by element fλ(i) and we
have

fλ := (r − λ1)2
⊙
, (10)

where (r − λ1)2
⊙

means the component-wise square of vector
(r − λ1), i.e.,

(r − λ1)2
⊙
:= ((r(1)− λ)2, . . . , (r(S)− λ)2)T . (11)

The long-run average performance with fλ is defined as the pseudo
variance of the Markov chain and we have

ησ ,λ = πfλ. (12)

Obviously, the pseudo variance ησ ,λ is different from the variance
ησ defined in (2) and we have

ησ ,λ = ησ , when λ = η. (13)

We define the pseudo variance minimization problem in a
Markov chain as below.

L∗λ = argmin
L∈Ψ


ησ ,λ


= argmin

L∈Ψ
{πfλ}

= argmin
L∈Ψ


i∈S

π(i)(r(i, L(i))− λ)2. (14)

Since fλ is an instant cost and it has no relation to future actions,
the above problem (14) is a standard MDP. Below, we study the
relation between these two problems (8) and (14). First, we have
the following lemma about the relation between ησ ,λ and ησ .

Lemma 1. The variance and the pseudo variance of a Markov chain
have the following relation

ησ ,λ = ησ + (η − λ)2. (15)
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Proof. From the definition of the pseudo variance in (12) and (9),
we have

ησ ,λ =


i∈S

π(i)(r(i, L(i))− λ)2

=


i∈S

π(i)(r(i, L(i))− η)2

+


i∈S

π(i)

2r(i, L(i))η − 2r(i, L(i))λ− η2

+ λ2 .

Substituting (1) and (2) into the above equation, we have

ησ ,λ = ησ + 2η2
− 2ηλ− η2

+ λ2
= ησ + (η − λ)2. (16)

The lemma is proved. �

Then, we discuss how to solve the pseudo variance minimiza-
tion problem (14). Since (14) is a standard MDP, we can use the
policy iteration to solve (14). We denote gσ ,λ as the performance
potential (or called relative value function) of theMDP problem (14).
gσ ,λ is an S-dimensional column vector and its element gσ ,λ(i),
i ∈ S, is defined as below.

gσ ,λ(i) := lim
T→∞

E


T

t=0

[fλ(Xt)− ησ ,λ]

X0 = i



= lim
T→∞

E


T

t=0

[(r(Xt)− λ)2 − ησ ,λ]

X0 = i


. (17)

From the above definition, we can see that gσ ,λ(i) quantifies the
long-term cumulated deviations of fλ(Xt) away from ησ ,λ, under
the initial condition of X0 = i. By extending the summation terms
of (17) at time t = 0, we obtain the following equation after
recursive institution

gσ ,λ(i) = (r(i)− λ)2 − ησ ,λ +


j∈S

p(i, j)gσ ,λ(j). (18)

We write the above equation in matrix form and obtain

gσ ,λ = (r − λ1)2
⊙
− ησ ,λ1+ Pgσ ,λ. (19)

We can numerically compute the value of gσ ,λ with (19) or
estimate it with (17). For more details, audience can refer to
Chapter 3 of the book (Cao, 2007).

Below, we discuss the difference of pseudo variance ησ ,λ of
the Markov chain under any two different policies L and L′. For
simplicity, we use the superscript ‘‘′’’ to indicate the parameters
of the Markov chain under policy L′. With (10) and (12), we see
that the pseudo variance of the Markov chain under policy L can
be written as

ησ ,λ = π(r − λ1)2
⊙
. (20)

Similarly, the pseudo variance of theMarkov chain under policyL′

can be written as

η′σ ,λ = π′(r ′ − λ1)2
⊙
. (21)

Left-multiplying π′ on both sides of (19), we obtain

π′P ′gσ ,λ = π′(r − λ1)2
⊙
− ησ ,λ + π′Pgσ ,λ, (22)

where we use the fact π′P ′ = π′ and π′1 = 1. Subtracting (22)
from (21), we obtain the difference formula of the pseudo variance
of Markov chains under any two policies L and L′.

η′σ ,λ − ησ ,λ = π′

(P ′ − P)gσ ,λ + (r ′ − λ1)2

⊙
− (r − λ1)2

⊙


. (23)

The difference formula is the key result of the sensitivity-based
optimization theory (Cao, 2007; Cao&Chen, 1997) and it quantifies
the change of the performance of Markov systems when the policy
or the parameters are changed. Based on (23), we can directly
construct the policy iteration to solve (14) as follows. For the
current policy L, we obtain the value of gσ ,λ by estimation with
(17) or by computation with (19). Then we can do the policy
improvement to obtain a better policyL′ as follows. For every state
i ∈ S, we have

L′(i) = argmin
a∈A


(r(i, a)− λ)2 +


j∈S

pa(i, j)gσ ,λ(j)


. (24)

This is one round of the policy iteration. Repeat this process
iteratively until the policy cannot be improved anymore. Then the
output policy is optimal.

Although the above policy iteration is for (14) that is different
from the original problem (8), we have the following theorem to
describe the relation between these two problems.

Theorem 1. For any policy L ∈ Ψ , we compute η with (1) and set
λ = η. If we obtain an improved policy L′ such that η′σ ,λ ≤ ησ ,λ,
then we have η′σ ≤ ησ . If the first inequality strictly holds (<), then
we have η′σ < ησ .

Proof. With Lemma 1, we have

ησ ,λ = ησ + (η − λ)2.

η′σ ,λ = η′σ + (η′ − λ)2.
(25)

Subtracting the first equation from the second one and substituting
λ = η, we obtain

η′σ − ησ = η′σ ,λ − ησ ,λ − (η′ − η)2. (26)

Obviously, if η′σ ,λ ≤ ησ ,λ, then η′σ ≤ ησ ; if η′σ ,λ < ησ ,λ, then
η′σ < ησ . The theorem is proved. �

With Theorem 1, we see that the pseudo varianceminimization
problem (14) is equivalent to the variance minimization problem
(8) to some extent. We further have the following corollary.

Corollary 1. For any policy L ∈ Ψ , we compute η with (1) and set
λ = η. If we do one round of the policy iteration for problem (14) and
obtain a new policy L′ as indicated by (24), then the original
problem (8) is also improved under the new policy L′, i.e., we have
η′σ ≤ ησ .

Proof. Substituting (25) into (23), we obtain

η′σ − ησ = π′

(P ′ − P)gσ ,λ + (r ′ − λ1)2

⊙
− (r − λ1)2

⊙


− (η′ − λ)2 + (η − λ)2. (27)

Since λ = η, we have

η′σ − ησ = π′

(P ′ − P)gσ ,λ + (r ′ − η1)2

⊙
− (r − η1)2

⊙


− (η′ − η)2. (28)

When we obtain an improved policy L′ as indicated by (24), we
know that all the elements in the column vector represented by
the square bracket in (28) are nonpositive. Since all the elements
of π′ are always positive, we have

η′σ − ησ ≤ 0− (η′ − η)2 ≤ 0. (29)

The corollary is proved. �

With Theorem 1 and Corollary 1, we see that although the
original problem (8) is not a standard MDP, we can construct
a standard MDP (14) to minimize the pseudo variance. When
the pseudo variance is reduced by the policy iteration (24), the
variance in (8) is also reduced. This indicates an effective way to
minimize the variance ofMarkov systems. Below, we further study
the variance minimization of Markov systems along this direction.
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3.2. Variance difference formula

In this subsection, we derive the variance difference formula for
the original problem (8). Some interesting optimality properties
also follow directly.

In (28), the performance potential gσ ,λ can be further specified
since we set λ = η. Similar to (17), we define a fundamental
quantity called variance potential for the Markov chain under the
variance criterion.

gσ (i) := lim
T→∞

E


T

t=0

[(r(Xt)− η)2 − ησ ]

X0 = i


, (30)

where η and ησ are the long-run average performance and the
steady state variance defined in (1) and (2), respectively. Similar
to (19), we also obtain a recursive equation of gσ in matrix form as
below.

gσ = (r − η1)2
⊙
− ησ1+ Pgσ , (31)

where gσ := (gσ (1), gσ (2), . . . , gσ (S))T is an S-dimensional
column vector.

Therefore, with the definition of gσ and (28), we directly derive
the variance difference formula of the Markov chain under any two
different deterministic policies L and L′

η′σ − ησ = π′

(P ′ − P)gσ + (r ′ − η1)2

⊙
− (r − η1)2

⊙


− (η′ − η)2. (32)

The above formula is very fundamental to study the variance
minimization problem (8). It gives a clear description of the
relation between the reward variance and the policy (represented
by P and r). The term (η′ − η)2 is the most important feature of
(32) as it is always nonnegative. For any policy L, we can compute
or estimate the values of η and gσ . Since the Markov chain is
assumed ergodic, π ′(i)’s are always positive. If we choose a new
policy with proper P ′ and r ′ such that the elements of the column
vector represented by the square bracket in (32) are negative, then
we see that π′


(P ′ − P)gσ + (r ′ − η1)2

⊙
− (r − η1)2

⊙


< 0. Since

(η′ − η)2 is always nonnegative, we have η′σ − ησ < 0 and the
variance of the Markov chain under this new policy is reduced.
This is the basic idea that we utilize later to develop an iterative
algorithm to reduce the variance of Markov chains in Section 3.5.

Remark 1. In (32), (η′ − η)2 is always nonnegative even though
the value of η′ is unknown. It avoids the difficulty of computing the
value of η′ under every possibleL′ ∈ Ψ , of which the computation
complexity is equivalent to that of a brute-force enumeration
algorithm for (8).

With (32), we can mathematically quantify the change of the
reward variance of Markov chains when the policy is changed.
Similar to Theorem 1 and Corollary 1, we derive the following
theorem to reduce the variance of Markov chains.

Theorem 2. If we choose a new policy L′ with P ′ and r ′ that satisfies
j∈S p′(i, j)gσ (j)+ (r ′(i)−η)2 ≤


j∈S p(i, j)gσ (j)+ (r(i)−η)2 for

all i ∈ S, then we have η′σ ≤ ησ . If the inequality strictly holds (<)
for at least one i ∈ S, then we have η′σ < ησ .

This theorem is straightforward based on the variance differ-
ence formula (32). For simplicity, we omit the proof. Based on (32),
we further derive the following necessary condition of the optimal
policy with the minimal variance.

Theorem 3. For the variance minimization problem (8), the optimal
policyLwith P and r must satisfy


j∈S p′(i, j)gσ (j)+ (r ′(i)−η)2 ≥

j∈S p(i, j)gσ (j)+ (r(i)− η)2 for any i ∈ S and L′ ∈ Ψ .
Proof. We use the contradiction method to prove this theorem.
Assume the current policy L with P and r is optimal. If the
condition in the theorem is not satisfied, it means that for
some state, say state k, there exists an action a′ such that

j∈S p′(k, j)gσ (j)+ (r ′(k)−η)2 <


j∈S p(k, j)gσ (j)+ (r(k)−η)2.
Therefore, we can construct a new policy L′ as follows: for state k,
choose action a′; for other states, choose the same action as that of
the optimal policy L. Therefore, with (32), we directly have

η′σ − ησ = π ′(k)


j∈S

(p′(k, j)− p(k, j))gσ (j)+ (r ′(k)− η)2

− (r(k)− η)2

− (η′ − η)2 < 0− (η′ − η)2.

Therefore, η′σ − ησ < 0 and the policy L′ is better than L.
This contradicts the assumption that L is the optimal policy. The
theorem is proved. �

Remark 2. The condition listed in Theorem 3 is only a necessary
condition of the optimal policy for the variance minimization
problem of Markov chains. It is not a sufficient condition.

Remark 3. If the long-run average performance of the Markov
chain under all the policies in Ψ is the same and Ψ can be
represented as the product of the action set at every state, the
condition listed in Theorem 3 is a necessary and sufficient condition
of the optimal policy with the minimal variance.

In the literature, there are some studies to minimize the vari-
ance after the average or discounted performance is already max-
imized (Cao & Zhang, 2008; Guo & Song, 2009; Puterman, 1994).
These problems satisfy the condition mentioned in Remark 3 and
we can similarly use our approach to solve these problems in a
straightforward way.

3.3. Variance derivative formula

Besides the variance difference formula derived in the last
subsection, we further study the variance derivative formula in
a randomized policy space (Schweitzer, 1968), which is used
to prove the following Theorems 4 and 5. Suppose the current
policy is L and the corresponding transition probability matrix
and reward function are P and r , respectively. Arbitrarily choose
another policy L′ with P ′ and r ′. Both L and L′ are deterministic
policies. We denote a randomized policy as Lδ

L′
, which means at

eachdecision stageweadopt policyL′withprobability δ and adopt
policy L with probability 1 − δ, where 0 ≤ δ ≤ 1. Lδ

L′
is also

called a mixed policy (Feinberg & Schwartz, 2002) that is mixed by
L and L′ with probability 1− δ and δ, respectively. Obviously, we
have L0

L′
= L and L1

L′
= L′. Thus, the corresponding transition

probability matrix of this randomized policy is

Pδ
= δP ′ + (1− δ)P . (33)

We denote the average performance and the variance of the
Markov chain under policyLδ

L′
as ηδ and ηδ

σ , respectively.With the
randomized policy Lδ

L′
, we see that the cost function f δ

σ (i) under
the variance criterion is

f δ
σ (i) = δ


r ′(i)− ηδ

2
+ (1− δ)


r(i)− ηδ

2
(34)

and the variance of the Markov chain is

ηδ
σ =


i∈S

π δ(i)f δ
σ (i)

=


i∈S

π δ(i)

δ

r ′(i)− ηδ

2
+ (1− δ)


r(i)− ηδ

2
.



274 L. Xia / Automatica 73 (2016) 269–278
We denote f δ
σ as an S-dimensional column vector with element

f δ
σ (i) and we have

f δ
σ = δ(r ′ − ηδ1)2

⊙
+ (1− δ)(r − ηδ1)2

⊙
.

ηδ
σ = πδf δ

σ .
(35)

The cost functions of the Markov chain under policy L and L′ are
written as below respectively.

fσ = (r − η1)2
⊙
.

f ′σ = (r ′ − η′1)2
⊙
.

(36)

Comparing (35) and (36), we see that f δ
σ cannot be represented as

a linear combination of fσ and f ′σ , i.e., f
δ
σ ≠ δf ′σ +(1−δ)fσ , because

the variance cost function is nonlinear.
Premultiplying by πδ on both sides of (31), we obtain the

following equation

ησ = πδ(r − η1)2
⊙
− πδPδgσ + πδPgσ , (37)

where we use the fact πδPδ
= πδ and πδ1 = 1. Subtracting (37)

from (35), we obtain (38) given in Box I, where we useπδ1 = 1 for
deriving the third equality. Furthermore, it is easy to verify that the
average performance of the Markov chain under the randomized
policy Lδ

L′
is

ηδ
= πδrδ

= πδ
[δr ′ + (1− δ)r]. (39)

Substituting the above equation into (38), we have

ηδ
σ − ησ = πδ


(Pδ
− P)gσ + δ(r ′ − η1)2

⊙
− δ(r − η1)2

⊙


+ 2ηηδ

− 2(ηδ)2 + (ηδ)2 − η2

= πδ

(Pδ
− P)gσ + δ(r ′ − η1)2

⊙
− δ(r − η1)2

⊙


− (ηδ

− η)2. (40)

Substituting (33) into the above equation, we obtain the following
variance difference formula for the randomized policy Lδ

L′
and the

deterministic policy L

ηδ
σ − ησ = πδδ[(P ′ − P)gσ + (r ′ − η1)2

⊙
− (r − η1)2

⊙
]

− (ηδ
− η)2. (41)

Taking the differential operationwith respect to δ on both sides
of the above equation and letting δ → 0, we obtain the variance
derivative formula of the Markov chain in the randomized policy
space

dησ

dδ
= π[(P ′ − P)gσ + (r ′ − η1)2

⊙
− (r − η1)2

⊙
], (42)

whereweuse the fact thatπδ
→ π and d(ηδ

−η)2

dδ = 2(ηδ
−η)

dηδ

dδ →

0 as δ → 0. The above formula quantifies the derivative of the
variance of the Markov chain along a policy changing direction
from L to L′ in the randomized policy space.

3.4. Parametric randomized policy

In practice, the policy of Markov systems is often controlled by
parameters. For example, we can control the value of θi,a that is
the probability of choosing action a at state i, i ∈ S and a ∈ A.
Obviously, we have 0 ≤ θi,a ≤ 1 and


a∈A θi,a = 1 for all

i ∈ S. The state transition probability is written as p(i, j) =
a∈A pa(i, j)θi,a, i, j ∈ S. We call it parametric randomized policy.

The objective is to determine the optimal values of parameters
θi,a’s such that the variance of the Markov chain is minimal. Tamar
et al. (2012) made interesting studies on this problem from a
perspective of the policy gradient method. Below, we study this
problem from a new perspective with the variance difference
formula (32).

For simplicity, we assume that only the probability θi,a at a
particular state, say state k, is adjustable. The following analysis
can be similarly applied to the case of multiple states since the
variance difference formula (32) is obviously additive. Therefore,
the optimization variables are θk,a, a ∈ A. The probabilities θi,a’s
at other states are fixed. We assume that the reward function r
is unvaried for different policies, i.e., r ′ = r . With (32), we see
that the variance difference of the Markov chain under two sets of
parameters θ ′k,a’s and θk,a’s is

η′σ − ησ = π ′(k)

j∈S


a∈A

pa(k, j)(θ ′k,a − θk,a)gσ (j)

− (η′ − η)2. (43)

With the above difference formula and the necessary condition in
Theorem3,we can derive the following theorem about the optimal
parametric policy.

Theorem 4. When the reward function is unvaried for different
policies, the optimal policy with the minimal variance of Markov
systems can be found in the deterministic policy space.

Proof. For a particular state, say state k, we need to prove that the
optimal action selection rule is deterministic. That is, the optimal
parameter θk,a is either 0 or 1. Denote the vector of parameters
θk,a’s as θk, i.e., θk := (θk,a1 , θk,a2 , . . . , θk,aA). Assume θ∗k is an
optimal solution. With the necessary condition in Theorem 3, we
have

θ∗k ∈


argmin

θk


j∈S


a∈A

pa(k, j)g∗σ (j)θk,a,

s.t.,

a∈A

θk,a = 1, θk,a ≥ 0, ∀a ∈ A.
(44)

Since pa(k, j) is given and g∗σ (j) is known by computation or
estimation, solving (44) is a linear programming. With the well
known result of linear programming, the optimal θ∗k can be
achieved at the vertex of the multidimensional polyhedron of
θk, which is also the boundary of the value domain of θk. Since
the value domain of θk,a is [0, 1], the optimal θ∗k,a can be 1 for
a particular action a and be 0 for all the other actions, a ∈ A.
This means that the optimal policy can be deterministic and the
randomized policy cannot dominate the deterministic policy for
this variance minimization problem. The theorem is proved. �

The proof of the above theorem is concise. This is because we
have the advantage of the variance difference formula and the
necessary condition for this variance minimization problem. With
the above theorem, we have the following remark.

Remark 4. The result in Theorem 4 is similar to that in the
traditional MDP theory, where the optimal policy of a standard
MDP can be found in the deterministic policy space under the
average or discounted criterion.

Note that the cost function of the variance minimization
problem is not Markovian and (8) is not a standard MDP. We
cannot apply the result in MDP theory, such as the optimality
of deterministic policy, to this variance minimization problem.
However, as Theorem 4 states, we can prove that the optimality of
deterministic policy is still valid for (8). With this theorem, we can
focus our optimization effort on the deterministic policy, without
considering the randomized policy. This can greatly reduce the
optimization complexity. Note that Theorem 4 requires that the
reward function r should be unvaried under different policies.
Actually, this requirement can be relaxed and the optimality of
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8)
ηδ
σ − ησ = πδ


δ(r ′ − ηδ1)2

⊙
+ (1− δ)(r − ηδ1)2

⊙


−


πδ(r − η1)2

⊙
− πδPδgσ + πδPgσ


= πδ


(Pδ
− P)gσ + δ(r ′ − ηδ1)2

⊙
− δ(r − ηδ1)2

⊙


+ πδ


(r − ηδ1)2

⊙
− (r − η1)2

⊙


= πδ


(Pδ
− P)gσ + δ(r ′ − η1)2

⊙
− δ(r − η1)2

⊙


+ πδδ


2r ′η − 2rη − 2r ′ηδ

+ 2rηδ

+ (ηδ)2 − η2

+ πδ

2rη − 2rηδ

= πδ

(Pδ
− P)gσ + δ(r ′ − η1)2

⊙
− δ(r − η1)2

⊙


+ πδ


2η


δr ′ + (1− δ)r


− 2ηδ


δr ′ + (1− δ)r


+ (ηδ)2 − η2. (3

Box I.
deterministic policy is still valid. However, the proof is muchmore
complicated andwe omit it to keep this paper concise.More details
can be found in another conference paper (Xia, 2016).

Based on (43), we directly obtain the variance derivative
formula with respect to θk,a.

dησ

dθk,a
= π(k)


j∈S

pa(k, j)gσ (j). (45)

In the literature, there are studies of policy gradient methods
for the optimization of variance-related MDPs (Prashantha &
Ghavamzadeh, 2013; Tamar et al., 2012) and they have similar
forms of policy gradients to our derivative formulas (42) or (45).
With these derivative formulas, we can numerically compute the
performance gradients or estimate them based on sample paths. A
gradient-descent algorithm can follow to update the optimization
parameters. For example, with the performance gradient in (45),
we can update θ l+1

k,a := θ l
k,a − βl

dησ

dθk,a
, where θ l

k,a is the value of
θk,a at the lth iteration and βl is the step-size at the lth iteration,
l = 0, 1, . . . . With the stochastic approximation approach, the
step-size satisfies the convergence condition, such as


∞

l=0 βl =

∞ and

∞

l=0 β2
l < ∞. One example is βl = 1/l. How to

efficiently implement the online gradient estimation algorithm
and the stochastic approximation algorithm has been extensively
studied in the literature. In Section 4, we will implement a simple
version of such gradient-based approach and compare it with our
policy iteration type approach proposed in Section 3.5.

There is another derivative that is also widely used in practice.
If the transition probability matrix P and the reward function
r depend on a parameter θ , we denote them as P(θ) and
r(θ), respectively. Suppose P and r are both differentiable w.r.t.
θ . Similar to the above analysis, we can derive the following
derivative formula based on (32)

dησ (θ)

dθ
= π(θ)


dP(θ)

dθ
gσ (θ)+ 2(r(θ)− η(θ)1)⊙

dr(θ)

dθ


,

where ⊙ is a component-wise product. The detailed derivation is
omitted for simplicity and it deserves further studies when θ is a
parameter vector.

3.5. Iterative optimization algorithm

With (32) and Theorem 2, we construct the following Algo-
rithm 1 to reduce the variance of Markov chains.

We can see that the above iterative algorithm is similar to
the policy iteration for the long-run average performance in MDP
theory. Therefore, the above algorithm also possesses the similar
properties of the policy iteration, such as the fast convergence
speed in most of situations.

Remark 5. Algorithm1 transforms the original non-standardMDP
(8) into a standard MDP with cost function f (i, a) = (r(i, a)− η)2,
where η is constant under different policies. With Corollary 1 and
(32), we can see that a better policy derived from the newMDP also
performsbetter for the original varianceminimizationproblem (8).
Algorithm 1 (Policy Iteration Type Algorithm to Reduce the Variance
of Markov Chains).
• Initialization: Arbitrarily choose an initial policy L(0) from the

policy space Ψ , set l = 0.
• Evaluation: For the current policy L(l), numerically compute or

estimate η, ησ , and gσ based on their definitions (1), (2), and
(31), respectively.
• Improvement: Update the policy as follows:

L(l+1)(i) = argmin
a∈A


(r(i, a)− η)2 +


j∈S

pa(i, j)gσ (j)


, (46)

for all i ∈ S and keep L(l+1)(i) = L(l)(i) if possible to avoid
oscillations.
• Stopping Rule: If L(l+1)

= L(l), stop; Otherwise, let l ← l + 1
and go to step 2.

Before we discuss the convergence of Algorithm 1, we give the
following definition of the local optimum in the randomized policy
space.

Definition 1. For a policy L, if ∃∆ ∈ (0, 1] and we always have

ηL
σ ≤ η

Lδ
L′

σ , ∀0 < δ < ∆, ∀L′ ∈ Ψ , then we say L is a local
optimum of the variance in the randomized policy space.

With the above definition, we derive the convergence theorem for
Algorithm 1 as follows.

Theorem 5. Algorithm 1 converges to a policy with a local minimal
variance in the randomized policy space.

Proof. First, we prove that Algorithm 1 can converge in finite
steps. From the policy improvement step in Algorithm 1, we see
that ηL(l+1)

σ ≤ ηL(l)
σ by applying Theorem 2. More specifically, we

have ηL(l+1)
σ < ηL(l)

σ when L(l+1)
≠ L(l). That is, the variance

of the Markov chain will be strictly reduced at each iteration of
Algorithm 1. Since the policy space Ψ is finite, it is obvious that
Algorithm 1 can stop after finite steps.

Second, we prove that the policy converged to is a local
optimum. We see that when Algorithm 1 stops, it indicates that
for any P ′ we always have


j∈S p′(i, j)gσ (j) + (r(i, a′) − η)2 ≥

j∈S p(i, j)gσ (j)+ (r(i, a)− η)2. That is, for any P ′, the element of
the column vector [(P ′−P)gσ + (r ′−η1)2

⊙
− (r−η1)2

⊙
] is always

nonnegative. Since π is always positive, the value of the derivative
formula (42) is always nonnegative. In other words, whatever
we choose a policy changing direction in the randomized policy
space, the derivative of the variance of the Markov chain is always
nonnegative. With Definition 1 and the common knowledge of
Taylor expansion, we see that the current solution is a local
optimum. The theorem is proved. �

In the literature, there are some studies using the policy
gradient approach tominimize the variance of MDPs (Kuindersma,
Grupen, & Barto, 2013; Prashantha & Ghavamzadeh, 2013; Tamar
et al., 2012). The policy gradient approach also converges to a
local optimum. However, the policy iteration type approach in
Algorithm 1 usually has a much faster convergence speed, which
is demonstrated by numerical experiments in the next section.
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Table 1
The optimization process of Algorithm 1 with different initial policies, which converges to the local optimum.

l L(l) η ησ l L(l) η ησ l L(l) η ησ

0 [a1, a1, a1] 8.0000 13.1020 0 [a1, a1, a2] 7.4824 15.2850 0 [a1, a3, a1] 7.1628 15.9037
1 [a1, a1, a1] 8.0000 13.1020 1 [a1, a1, a1] 8.0000 13.1020 1 [a1, a1, a1] 8.0000 13.1020

2 [a1, a1, a1] 8.0000 13.1020 2 [a1, a1, a1] 8.0000 13.1020
Table 2
The optimization process of Algorithm 1 with different initial policies, which converges to the global optimum.

l L(l) η ησ l L(l) η ησ l L(l) η ησ

0 [a1, a2, a3] 3.0000 10.0000 0 [a2, a3, a1] 3.9350 14.8408 0 [a2, a2, a1] 2.5368 10.5434
1 [a3, a3, a3] 1.9886 0.8294 1 [a2, a2, a3] 1.9524 3.4739 1 [a2, a2, a2] 2.1348 7.9369
2 [a3, a3, a3] 1.9886 0.8294 2 [a3, a3, a3] 1.9886 0.8294 2 [a2, a2, a3] 1.9524 3.4739

3 [a3, a3, a3] 1.9886 0.8294 3 [a3, a3, a3] 1.9886 0.8294
4 [a3, a3, a3] 1.9886 0.8294
Fig. 1. The sample paths of rewards under two different policies.

4. Numerical experiment

Consider a small Markov chain with 3 states, i.e., S = {1, 2, 3}.
The action space is A = {a1, a2, a3}. At every state, we choose
an action from the action space. A policy is represented as a
3-element row vector, such as L = [a2, a3, a1] that selects action
a2, a3, and a1 at state 1, 2, and 3, respectively. Obviously, the size
of the policy space is |Ψ | = |A||S| = 33

= 27. Different actions
induce different state transition probabilities. For state 1, we have
pa1(1, :) = (0.8, 0.1, 0.1), pa2(1, :) = (0.1, 0.7, 0.2), pa3(1, :) =
(0.1, 0.3, 0.6). For state 2, we have pa1(2, :) = (0.7, 0.1, 0.2),
pa2(2, :) = (0.1, 0.8, 0.1), pa3(2, :) = (0.1, 0.1, 0.8). For state
3, we have pa1(3, :) = (0.6, 0.3, 0.1), pa2(3, :) = (0.2, 0.6, 0.2),
pa3(3, :) = (0, 0.1, 0.9). The reward function is r = (10, 1, 2)T
that is unvaried under different policies.

First, we illustrate that the fluctuations of the system rewards
under different policies are generally different.We plot the sample
paths of the system rewards under two different policies in Fig. 1.
One policy is [a2, a3, a1] and the other one is [a3, a3, a3]. From
Fig. 1, we observe that the system reward under policy [a2, a3, a1]
hasmuchbigger fluctuationswhile the system rewardunder policy
[a3, a3, a3] is more stable.

Then, we use Algorithm 1 to minimize the variance of
this Markov chain. The initial policy is arbitrarily selected. As
Theorem 5 states, Algorithm 1 converges to a local optimum. For
different initial policies, Algorithm 1 may converge to different
local optima. Since the policy space is small, we enumerate every
initial policy and find that Algorithm 1 truly converges to two
possible local optima, one is L̂∗ = [a1, a1, a1] and the other
is L∗ = [a3, a3, a3]. Policy L̂∗ indicates that the actions at all
the states are a1 and the corresponding average performance and
variance are η̂∗ = 8 and η̂∗σ = 13.1020, respectively. Policy
L∗ indicates that the actions at all the states are a3 and the
corresponding average performance and variance are η∗ = 1.988
and η∗σ = 0.8294, respectively. We can see that the average
performance of L∗ is worse than that of L̂∗, while the variance of
L∗ is less than that of L̂∗. L∗ is the global optimal policy of this
Markov chain under the variance criterion.

From the experiment results, we observe that Algorithm 1
converges to the local optimum L̂∗ under three initial policies,
as listed in Table 1. For all the other initial policies, Algorithm 1
converges to the other local optimum L∗ (it is also the global
optimum). Some of the optimization processes are listed in
Table 2. From these tables, we observe that the variance of the
Markov chain is strictly reduced during each iteration, while the
average performance has no regular trends. This demonstrates the
effectiveness of Algorithm 1 for reducing the variance of Markov
chains. We also observe that Algorithm 1 needs only 1 or 2
iterations to converge in most of situations (the worst case is 3
iterations). This demonstrates the fast convergence of Algorithm 1.

As a comparison, we use the gradient-based approach to
minimize the variance of this Markov chain, which is widely
adopted in the literature. The initial policy is arbitrarily chosen
as [a2, a3, a1]. Similar to the derivative formula (45), we compute
the variance derivatives dησ

dθk,a
for all a ∈ A and find the action am

whose derivative is minimal, k = 1, 2, 3. Update the probability of
selecting am as θ l+1

k,am = θ l
k,am+βl, where the step-size is set as βl =

5/l. Do normalization θ l+1
k,a := θ l+1

k,a /


a∈A θ l+1
k,a to keep the sum

of probability θ l+1
k,a ’s over a ∈ A equal to 1. Repeating this process

until themaximal gap (infinity norm |·|∞) between two successive
updates is nomore than 0.1% in ratio. Fig. 2 illustrates the curves of
the probabilities during the optimization process. Comparing with
the result in the middle column of Table 2, we observe that the
final optimization results of these two approaches are the same.
However, the convergence speed of the gradient-based approach
is much slower. This comparison also demonstrates the efficiency
of our policy iteration type algorithm.

5. Discussion and conclusion

Since the cost function under the variance criterion is not
Markovian, the varianceminimization problem ofMarkov systems
is not a standard MDP. The traditional approaches of MDPs, such
as the policy iteration, cannot be directly applied to this problem.
To avoid this difficulty, we convert this problem into a standard
MDP of minimizing the pseudo variance. The variance difference
formula is derived to directly compare the variances of Markov
systems under any two policies. The variance difference formula
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Fig. 2. The curves of θi,a ’s during the gradient-based optimization process.

plays a key role in this paper and it clearly describes the relation of
the variance and the policy of Markov systems. Following this idea,
some optimality properties are further obtained. We also develop
the policy iteration type algorithm to optimize the variance of
Markov systems. Compared with the policy gradient approaches
widely used in the literature, our approach is demonstrated to be
more efficient.

In futurework, it is valuable to further study the policy iteration
type approach to optimize the performance of MDPs, considering
both the mean and the variance of system rewards. Our approach
provides a promising way to study the mean–variance optimiza-
tion problem. Moreover, the policy iteration type approach in this
paper converges to a local optimum.How to identify the conditions
with which our approach can converge to the global optimum is
another interesting topic. The algorithmic issues about the param-
eter estimation and the online implementation of our algorithm
also deserve further investigations.
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Appendix

Below, we give a detailed derivation of the relation formula (6)
between two types of variance definitions, ησ s and ησ l. Suppose the
stochastic process is ergodic and it already reaches steady state.
Then, we have

ησ l = lim
T→∞

1
T

E


T−1
t=0

r(Xt)− E


T−1
t=0

r(Xt)

2

= lim
T→∞

1
T

E


T−1
t=0

r(Xt)− Tη

2
= lim
T→∞

1
T

E


T−1
t=0

T−1
k=0

r(Xt)r(Xk)− 2Tη

T−1
t=0

r(Xt)+ T 2η2



= lim
T→∞

1
T

E


T−1
t=0

T−1
k=0

r(Xt)r(Xk)− T 2η2



= lim
T→∞

1
T

E


T−1
t=0

T−1
k=0

[r(Xt)r(Xk)− η2
]



= lim
T→∞

1
T

E


T−1
t=0

T−1
k=0

[r(Xt)− η][r(Xk)− η]



= lim
T→∞

1
T

T−1
t=0

T−1
k=0

COV(r(Xt), r(Xk)). (A.1)

Therefore, the above equation shows that the limiting cumulative
varianceησ l equals the average summation of covariances between
rewards at one stage and all possible stages. ησ l quantifies the
correlations of the system rewards at different stages. Furthermore,
(A.1) can be rewritten as below.

ησ l = lim
T→∞

1
T

T−1
t=0

COV(r(Xt), r(Xt))

+ lim
T→∞

1
T

T−1
t=0

T−1
k=0,k≠t

COV(r(Xt), r(Xk)). (A.2)

With the definition (2) of ησ s, the relation formula (6) is directly
obtained.
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